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Composite beams, This paper introduces a vertically laminated configuration for composite beams and investigates
Timoshenko beam theory, its effect on the vibrational behavior of the beam. For this purpose, the governing equations of the
Fundamental natural frequency, problem are first derived using Timoshenko beam theory. Then, by defining the constitutive
Laminate configuration. relations for two types of laminate configurations, including the conventional horizontal

lamination used in composite beams and the proposed vertical lamination, the governing equations
are expressed in terms of the beam displacement components, resulting in a system of coupled
differential equations. Subsequently, by developing an analytical approach, the governing
equations are solved simultaneously without the need for decoupling, and the natural frequencies
of the beam are obtained. Natural frequency analysis results for both horizontal and vertical
laminate configurations under different boundary conditions and stacking sequences are presented
and compared. The results demonstrate that, unlike the horizontal laminate configuration, the
natural frequency of the beam in the vertically laminated configuration can be controlled and
optimized by changing the fiber angle orientation. This characteristic can be of significant
importance in the design of composite structures, enabling the development of beams with
desirable dynamic properties for specific applications.

Extended Abstract
1. Introduction

omposite structures, including beams, plates, and shells, are widely utilized in various engineering

applications, particularly in fields where weight reduction is a critical design requirement. The primary

advantage of composite materials lies in their superior strength-to-weight ratio, which makes them highly
suitable for lightweight structures such as aerospace components. Typical applications of composite materials
include aircraft wings and fuselage structures, unmanned aerial vehicles, helicopter rotor blades, and fuel storage
pressure vessels. Composite beams are generally fabricated by stacking multiple laminae with different fiber
orientations to achieve the desired mechanical performance. Owing to the anisotropic nature of laminated
composites, their static and dynamic responses can be tailored and optimized by modifying the fiber arrangement
and stacking sequence to meet specific design objectives. The static and dynamic analyses of composite beams
have been extensively investigated by numerous researchers using various beam theories [1-22]. Over the past
decades, a wide range of beam models has been developed, with the primary distinction among them being the
way shear deformation—and consequently the distribution of transverse shear stresses through the beam
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thickness—is considered. The classical Euler—Bernoulli beam theory, as the simplest beam model, neglects the
effects of shear deformation. In contrast, the Timoshenko beam theory accounts for shear deformation by assuming
a constant distribution of transverse shear strain across the beam thickness. A comparison between these two
theories is presented in Ref. [23].

Previous studies on composite beam analysis have primarily focused on the conventional horizontal laminate
configuration, in which the composite layers are stacked through the beam thickness. In contrast, this study
investigates the free vibration behavior of composite beams with a vertical laminate configuration, in which it is
constructed by placing several composite laminas side by side along the beam width, and compares their response
with that of horizontally laminated beams. The governing vibration equations are derived and formulated in terms
of the displacement field using the appropriate constitutive relations for each laminate configuration. An exact
analytical solution is then developed to solve the coupled governing equations directly while accommodating
various boundary conditions. The proposed formulation is subsequently used to determine and compare the natural
frequencies of beams with both laminate configurations under different boundary conditions.

2. Problem Formulation

In this paper, the Timoshenko beam theory is employed to derive the governing equations for the vibration
behavior of the beam. According to the Timoshenko beam theory, the displacement field is defined as

u(x, z,t) = ug(x, t) + zp(x, t)

w(x,z,t) =w(x,t) (1)

where 1, and w denote the axial and transverse displacements of a point on the beam midplane, respectively,
and ¢ represents the rotation of the normal to the midplane. By applying Hamilton's principle, the governing
equations of motion for the vibration behavior of the beam are derived as follows:
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where p and A denote the density and the cross-sectional area of the beam, respectively, and the stress resultants
are defined as follows:

h/2 h/2
(Ny, My) = bf 0,(1,2)dz, Qxz = bf Ty, dZ 3)
-h/2 -h/2
Furthermore, the first and second moments of the cross-sectional area are defined as follows:

h/2

(I,I) = bf (z,z%)dz 4)

—h/2

2.1. Analysis of Beams with a Horizontal Laminate Configuration

The stress—strain relationship for each lamina of a beam with a horizontal laminate configuration can be
expressed in the global coordinate system as follows:

R I et )

where k denotes the layer number. The stress resultants can be expressed in terms of the displacement field components as
follows:
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where the stiffness coefficients of the composite beam are calculated as follows:

i fhhkﬂQ_uk 1z Zz)dz)' fos = b (Z fhhmas;k dz) :
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In Eq. (7), k; is the shear correction factor employed in the Timoshenko beam theory. Finally, by substituting
the stress resultants given in Eq. (6) into the differential equations in Eq. (2), the governing equations can be
expressed in terms of the displacement field as follows:
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2.2. Analysis of Beams with a Horizontal Laminate Configuration

the stress—strain relationship for each lamina of a beam with a vertical laminate configuration can be expressed
in the global coordinate system as follows:

Ox1 _ Q11 016
%)= (3 o=,

The stress resultants for this type of beam can be expressed in terms of the displacement field components as
follows:
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In Eq. (10), the stiffness coefficients of the composite beam are calculated according to the laminate
conﬁguration as follows:

/2

(A11,416) = bk J (Q11k: Q16k) dz, Dy; = Z by Q11k22 dz (11)
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where b, denotes the width of the k-th lamina. Finally, by substituting the stress resultants given in Eq. (11)
into Eq. (2), the governing equations for the vibration behavior of the beam in this case are obtained as follows:
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2.3. Solution Method

In this section, the solution procedure for Egs. (8) and (12), which correspond to the horizontal and vertical
laminate configurations, respectively, is presented. The solution procedure is identical for both cases. To solve
these equations, the method of separation of variables is employed, whereby the beam displacement field is first
decomposed into its spatial and temporal components as follows:

uy(x, t) = Ug(x)el®t,  w(x, t) = W(x)el®,  ¢(x,t) = d(x)el®t (13)
In the next step, the solution of displacement components is expressed as:
W) = ‘113“, O(x) = b19}“x, Up(x) = C19M (14)

Substituting the assumed solution into Egs. (8) and (12), and simplifying the resulting expressions, yields the
following system of equations in matrix form for horizontal and vertical laminate configurations:
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As can be seen, the system of equations obtained is homogeneous. Therefore, for a nontrivial solution to exist,
the determinant of the coefficient matrix must vanish. By setting this determinant equal to zero, the characteristic
equation of the problem is obtained in the form of a sixth-order polynomial in 4 , as follows:

|dij| =0 pA® + puAt + P22 +po =0 (17)

Since the characteristic equation given in Eq. (17) generally possesses six roots, the assumed solution presented
in Eq. (14) can be expanded as follows:

6 6

6
W(x) = Z aet*, d(x) = Z biet®, Uy(x) = Z ciehx (18)
i=1 i=1 i=1

Finally, the beam’s boundary conditions are applied, which leads to a homogeneous system of algebraic
equations, in the form [B]{C} = 0, where {C} = {a,, a,, ..., ay }" is the vector of unknown constants and [B] is
the coefficient matrix, whose elements depend on the beam boundary conditions. For a nontrivial solution to exist,
the determinant of the matrix [B] must vanish. This condition yields an eigenvalue equation with infinitely many
roots. By solving this equation and determining its roots, the natural frequencies of the beam, w; and the
corresponding mode shapes are obtained.

3. Results

The results obtained show that unlike the horizontal laminate configuration, in which increasing the fiber
orientation angle consistently leads to a reduction in the natural frequency, the vertical laminate configuration
allows the natural frequency to be maximized by selecting an appropriate fiber orientation angle. In some cases,
this maximum natural frequency differs significantly from that of the horizontal configuration. The optimum fiber
orientation angle for vertically laminated beams depends on both the boundary conditions and the laminate
stacking sequence. Table 1 presents the optimum fiber orientation angle and the corresponding maximum natural
frequency for vertically laminated composite beams under various boundary conditions and stacking sequences.
The table also compares the maximum natural frequencies of the horizontal and vertical laminate configurations
in terms of percentage difference. The largest difference, 26.52%, is observed for the clamped—clamped beam with
the [#/—6] laminate stacking sequence.

Table 1. Optimum Fiber Angles and Corresponding Maximum Natural Frequencies of Composite Beams with a Vertical
Laminate Configuration

Boundary condition

Stacking Pinned-Pinned Clamped-Free Clamped-Clamped

sequence Relative E_(elative Relative
0° max Dmax difference 0° max Omax difference 0° nax Dmax difference

() (%) ()

[6] 0 8.4267 0 0 3.4908 0 28 11.1183 1.44

[6/-0] 17 9.5472 13.29 13.5 3.6781 5.37 26.5 16.6894 52.26

[0/ 6] 27 9.1761 8.89 19.5 3.5883 2.79 43 15.3230 39.80

[0 /6 /90°] 22.5 7.8242 15.34 12.5 3.0594 31.81 41.5 13.1072 38.44

4. Conclusion

This study presented an analytical free vibration analysis of composite beams with horizontal and vertical
laminate configurations based on the Timoshenko beam theory. The proposed solution directly solves the coupled
governing equations while accommodating various boundary conditions. The results show that vertically
laminated beams consistently exhibit higher fundamental natural frequencies than horizontally laminated beams.
Unlike the horizontal configuration, which always achieves its maximum natural frequency at zero fiber
orientation angle, the vertical configuration possesses an optimum fiber orientation angle that maximizes the
natural frequency. The optimum fiber orientation angles and the corresponding maximum natural frequencies were
determined for various boundary conditions and laminate stacking sequences. Among the cases considered, the
clamped—clamped beam exhibited the highest natural frequencies, while the largest difference between the
horizontal and vertical laminate configurations was observed for the [6/—6] stacking sequence under clamped—
clamped boundary conditions. In contrast, the clamped—free beam exhibited the lowest natural frequencies. These
findings demonstrate the significant influence of laminate configuration on the vibration characteristics of
composite beams and highlight the potential advantages of the vertical laminate arrangement in structural design.
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  u  ( x , z , t ) =   u 0  ( x , t ) + z 𝜙  ( x , t )


  w  ( x , z , t ) = w ( x , t )


  w  ( x , z , t ) = w ( x , t )


    u 0


  w


  𝜙


    𝜕   N  x  𝜕 x − 𝜌 A     𝜕 2   u 0  𝜕   t 2 − 𝜌   I 1     𝜕 2 𝜙  𝜕   t 2 = 0


    𝜕   Q  x z  𝜕 x + 𝜌 A     𝜕 2 w  𝜕   t 2 = 0


    𝜕   Q  x z  𝜕 x + 𝜌 A     𝜕 2 w  𝜕   t 2 = 0


      𝜕   M  x  𝜕 x −   Q  x z − 𝜌   I 1     𝜕 2   u 0  𝜕   t 2 − 𝜌   I 2     𝜕 2 𝜙  𝜕   t 2 = 0


      𝜕   M  x  𝜕 x −   Q  x z − 𝜌   I 1     𝜕 2   u 0  𝜕   t 2 − 𝜌   I 2     𝜕 2 𝜙  𝜕   t 2 = 0


  𝜌


  A


   (   N  x ,   M  x ) = b   ∫  − h / 2  h / 2    𝜎  x  ( 1 , z ) d z ,       Q  x z = b   ∫  − h / 2  h / 2    𝜏  x z d z


   (   I 1 ,   I 2 ) = b   ∫  − h / 2  h / 2   ( z ,   z 2 ) d z


     [      𝜎  x     𝜏  x z ]  k =    [        Q 11 -  0   0      Q 55 - ]  k    [      𝜖  x     𝛾  x z ]  k


  k


   [      N  x     M  x ] =  [      A 11    B 11     B 11    D 11 ]  [      𝜕   u 0  𝜕 x     𝜕 𝜙  𝜕 x ]   ,     Q  x z =   A 55   𝛾  x z


   (   A 11 ,   B 11 ,   D 11 ) = b  (   ∑  k = 1  n    ∫   h  k   h  k + 1        Q 11 -  k  ( 1 , z ,   z 2 ) d z )   ,     A 55 =   k  s b  (   ∑  k = 1  n    ∫   h  k   h  k + 1        Q 55 -  k d z )


    k  s


    A 11     𝜕 2   u 0  𝜕   x 2 +   B 11     𝜕 2 𝜙  𝜕   x 2   + 𝜌 A     𝜕 2   u 0  𝜕   t 2 + 𝜌   I 1     𝜕 2 𝜙  𝜕   t 2 = 0


    k  s   A 55  (     𝜕 2 w  𝜕   x 2 +   𝜕 𝜙  𝜕 x ) − 𝜌 A     𝜕 2 w  𝜕   t 2 = 0


    k  s   A 55  (     𝜕 2 w  𝜕   x 2 +   𝜕 𝜙  𝜕 x ) − 𝜌 A     𝜕 2 w  𝜕   t 2 = 0


    B 11     𝜕 2   u 0  𝜕   x 2 +   D 11     𝜕 2 𝜙  𝜕   x 2 −   k  s   A 55  (   𝜕 w  𝜕 x + 𝜙 ) − 𝜌   I 2     𝜕 2 𝜙  𝜕   t 2 − 𝜌   I 1     𝜕 2   u 0  𝜕   t 2 = 0


    B 11     𝜕 2   u 0  𝜕   x 2 +   D 11     𝜕 2 𝜙  𝜕   x 2 −   k  s   A 55  (   𝜕 w  𝜕 x + 𝜙 ) − 𝜌   I 2     𝜕 2 𝜙  𝜕   t 2 − 𝜌   I 1     𝜕 2   u 0  𝜕   t 2 = 0


     [      𝜎  x     𝜏  x z ]  k =    [        Q 11 -      Q 16 -       Q 16 -      Q 66 - ]  k    [      𝜖  x     𝛾  x z ]  k


    N  x =   A 11   𝜕   u 0  𝜕 x +   A 16  (   𝜕 w  𝜕 x + 𝜙 )   ,     M  x =   D 11   𝜕 𝜙  𝜕 x   ,     Q  x z =   k  s  (   A 16   𝜕   u 0  𝜕 x +   A 66  (   𝜕 w  𝜕 x + 𝜙 ) )


   (   A 11 ,   A 16 ) =   ∑  k = 1  n    b  k   ∫  − h / 2  h / 2   (       Q 11 -  k ,       Q 16 -  k ) d z ,           D 11 =   ∑  k = 1  n    b  k   ∫  − h / 2  h / 2        Q 11 -  k   z 2 d z


    b  k


    A 11     𝜕 2   u 0  𝜕   x 2 +   A 16  (     𝜕 2 w  𝜕   x 2 +   𝜕 𝜙  𝜕 x ) − 𝜌 A     𝜕 2   u 0  𝜕   t 2 − 𝜌   I 1     𝜕 2 𝜙  𝜕   t 2 = 0


    k  s   A 66  (     𝜕 2 w  𝜕   x 2 +   𝜕 𝜙  𝜕 x ) +   k  s   A 16     𝜕 2   u 0  𝜕   x 2 − 𝜌 A     𝜕 2 w  𝜕   t 2 = 0


    k  s   A 66  (     𝜕 2 w  𝜕   x 2 +   𝜕 𝜙  𝜕 x ) +   k  s   A 16     𝜕 2   u 0  𝜕   x 2 − 𝜌 A     𝜕 2 w  𝜕   t 2 = 0


    D 11     𝜕 2 𝜙  𝜕   x 2 −   k  s   A 16  (   𝜕 w  𝜕 x + 𝜙 +   𝜕   u 0  𝜕 x ) − 𝜌   I 2     𝜕 2 𝜙  𝜕   t 2 − 𝜌   I 1     𝜕 2   u 0  𝜕   t 2 = 0


    D 11     𝜕 2 𝜙  𝜕   x 2 −   k  s   A 16  (   𝜕 w  𝜕 x + 𝜙 +   𝜕   u 0  𝜕 x ) − 𝜌   I 2     𝜕 2 𝜙  𝜕   t 2 − 𝜌   I 1     𝜕 2   u 0  𝜕   t 2 = 0


    u 0  ( x , t ) =   U 0  ( x )  e  i ω t ,     w  ( x , t ) = W  ( x )  e  i ω t ,     𝜙  ( x , t ) = Φ ( x )  e  i ω t


  W  ( x ) =   a 1   e  𝜆 x ,     Φ  ( x ) =   b 1   e  𝜆 x ,       U 0  ( x ) =   c 1   e  𝜆 x


   [    0    B 11   𝜆 2  A 𝜌   𝜔 2 +   A 11   𝜆 2   A   𝜌 𝜔 2 +   A 55   k  s   𝜆 2      k  s A 55 𝜆  0   −     k  s A 55 𝜆  𝜌   I 2   𝜔 2 +   D 11   𝜆 2 −   k  s   A 55    B 11   𝜆 2 ]  [      a 1     b 1     c 1 ] = [ 0 ]


   [      A 16   𝜆 2    A 16 𝜆  𝜌 A   𝜔 2 +   A 11   𝜆 2   𝜌 A   𝜔 2 +   A 66   k  s   𝜆 2      k  s A 66 𝜆    k  s   A 16   𝜆 2   −     k  s A 66 𝜆  𝜌   I 2   𝜔 2 +   D 11   𝜆 2 −   k  s   A 66  −   k  s   A 16 𝜆 ]  [      a 1     b 1     c 1 ] = [ 0 ]


  𝜆


   |   d  i j | = 0 →   p 6   𝜆 6 +   p 4   𝜆 4 +   p 2   𝜆 2 +   p 0 = 0


  W  ( x ) =   ∑  i = 1 6    a  i   e    𝜆  i x ,       Φ  ( x ) =   ∑  i = 1 6    b  i   e    𝜆  i x ,         U 0  ( x ) =   ∑  i = 1 6    c  i   e    𝜆  i x


   [ B ]  { C } = 0


   { C } =    {   a 1 ,   a 2 , … ,   a 6   }  T


  [ B ]


  [ B ]


    𝜔  i


  [ 𝜃 / − 𝜃 ]


      𝜔 -  m a x


    𝜃 °  m a x


      𝜔 -  m a x


    𝜃 °  m a x


      𝜔 -  m a x


    𝜃 °  m a x


  [ 𝜃 ]


  [ 𝜃 / − 𝜃 ]


  [ 0 /   𝜃 ]


  [ 0   / 𝜃   / 90 ° ]


  [ 𝜃 / − 𝜃 ]


  ( b × h )


  x


  y


  z


   (   𝜙  y )


    𝜙  y =   𝜑  y −   𝛾  x y


      𝜙  y


    𝛾  x y


    𝛾  x y  


    𝛾  x y


    z


    𝛾  x y = f ( z )


  ( L / h )


  u  ( x , z , t ) =   u 0  ( x , t ) + z 𝜙  ( x , t )


  w  ( x , z , t ) = w ( x , t )


  w  ( x , z , t ) = w ( x , t )


      u 0


  w


  𝜓


    𝜖  x =   𝜕   u 0  𝜕 x + z   𝜕 𝜙  𝜕 x


    𝛾  x z = 𝜙 +   𝜕 w  𝜕 x


    𝛾  x z = 𝜙 +   𝜕 w  𝜕 x


    𝜕   N  x  𝜕 x − 𝜌 A     𝜕 2   u 0  𝜕   t 2 − 𝜌   I 1     𝜕 2 𝜙  𝜕   t 2 = 0


    𝜕   Q  x z  𝜕 x + 𝜌 A     𝜕 2 w  𝜕   t 2 = 0


    𝜕   Q  x z  𝜕 x + 𝜌 A     𝜕 2 w  𝜕   t 2 = 0


      𝜕   M  x  𝜕 x −   Q  x z − 𝜌   I 1     𝜕 2   u 0  𝜕   t 2 − 𝜌   I 2     𝜕 2 𝜙  𝜕   t 2 = 0


      𝜕   M  x  𝜕 x −   Q  x z − 𝜌   I 1     𝜕 2   u 0  𝜕   t 2 − 𝜌   I 2     𝜕 2 𝜙  𝜕   t 2 = 0


  𝜌


  A


   (   N  x ,   M  x ) = b   ∫  − h / 2  h / 2    𝜎  x  ( 1 , z ) d z ,       Q  x z = b   ∫  − h / 2  h / 2    𝜏  x z d z


   (   I 1 ,   I 2 ) = b   ∫  − h / 2  h / 2   ( z ,   z 2 ) d z


  ( 1 − 2 − 3 )


  ( x − y − z )


  [   Q  i j ]


   [   Q - ] =    [ T ]  − 1  [ Q ] [ T ]


  [ T ]


  𝜃


    𝜎  x


    𝜎  x z


     [      𝜎  x     𝜏  x z ]  k =    [        Q 11 -  0   0      Q 55 - ]  k    [      𝜖  x     𝛾  x z ]  k


  k


   [      N  x     M  x ] =  [      A 11    B 11     B 11    D 11 ]  [      𝜕   u 0  𝜕 x     𝜕 𝜙  𝜕 x ]   ,     Q  x z =   A 55   𝛾  x z


   (   A 11 ,   B 11 ,   D 11 ) = b  (   ∑  k = 1  n    ∫   h  k   h  k + 1        Q 11 -  k  ( 1 , z ,   z 2 ) d z )   ,     A 55 =   k  s b  (   ∑  k = 1  n    ∫   h  k   h  k + 1        Q 55 -  k d z )


    k  s


    A 11     𝜕 2   u 0  𝜕   x 2 +   B 11     𝜕 2 𝜙  𝜕   x 2   + 𝜌 A     𝜕 2   u 0  𝜕   t 2 + 𝜌   I 1     𝜕 2 𝜙  𝜕   t 2 = 0


    A 55  (     𝜕 2 w  𝜕   x 2 +   𝜕 𝜙  𝜕 x ) − 𝜌 A     𝜕 2 w  𝜕   t 2 = 0


    A 55  (     𝜕 2 w  𝜕   x 2 +   𝜕 𝜙  𝜕 x ) − 𝜌 A     𝜕 2 w  𝜕   t 2 = 0


    B 11     𝜕 2   u 0  𝜕   x 2 +   D 11     𝜕 2 𝜙  𝜕   x 2 −   A 55  (   𝜕 w  𝜕 x + 𝜙 ) − 𝜌   I 2     𝜕 2 𝜙  𝜕   t 2 − 𝜌   I 1     𝜕 2   u 0  𝜕   t 2 = 0


    B 11     𝜕 2   u 0  𝜕   x 2 +   D 11     𝜕 2 𝜙  𝜕   x 2 −   A 55  (   𝜕 w  𝜕 x + 𝜙 ) − 𝜌   I 2     𝜕 2 𝜙  𝜕   t 2 − 𝜌   I 1     𝜕 2   u 0  𝜕   t 2 = 0


    I 1


    I 1


    B 11


    B 11


    𝜏  x z


    𝜏  x y


  k


     [      𝜎  x     𝜏  x z ]  k =    [        Q 11 -      Q 16 -       Q 16 -      Q 66 - ]  k    [      𝜖  x     𝛾  x z ]  k


    N  x =   A 11   𝜕   u 0  𝜕 x +   A 16  (   𝜕 w  𝜕 x + 𝜙 )   ,     M  x =   D 11   𝜕 𝜙  𝜕 x   ,     Q  x z =   k  s  (   A 16   𝜕   u 0  𝜕 x +   A 66  (   𝜕 w  𝜕 x + 𝜙 ) )


   (   A 11 ,   A 16 ) =   ∑  k = 1  n    b  k   ∫  − h / 2  h / 2   (       Q 11 -  k ,       Q 16 -  k ) d z ,           D 11 =   ∑  k = 1  n    b  k   ∫  − h / 2  h / 2        Q 11 -  k   z 2 d z ,     A 66 =   ∑  k = 1  n    b  k   ∫  − h / 2  h / 2        Q 66 -  k d z ,    


    b  k


  k


    A 11     𝜕 2   u 0  𝜕   x 2 +   A 16  (     𝜕 2 w  𝜕   x 2 +   𝜕 𝜙  𝜕 x ) − 𝜌 A     𝜕 2   u 0  𝜕   t 2 − 𝜌   I 1     𝜕 2 𝜙  𝜕   t 2 = 0


    k  s   A 66  (     𝜕 2 w  𝜕   x 2 +   𝜕 𝜙  𝜕 x ) +   k  s   A 16     𝜕 2   u 0  𝜕   x 2 − 𝜌 A     𝜕 2 w  𝜕   t 2 = 0


    D 11     𝜕 2 𝜙  𝜕   x 2 −   k  s   A 16  (   𝜕 w  𝜕 x + 𝜙 +   𝜕   u 0  𝜕 x ) − 𝜌   I 2     𝜕 2 𝜙  𝜕   t 2 − 𝜌   I 1     𝜕 2   u 0  𝜕   t 2 = 0


    D 11     𝜕 2 𝜙  𝜕   x 2 −   k  s   A 16  (   𝜕 w  𝜕 x + 𝜙 +   𝜕   u 0  𝜕 x ) − 𝜌   I 2     𝜕 2 𝜙  𝜕   t 2 − 𝜌   I 1     𝜕 2   u 0  𝜕   t 2 = 0


    A 16


    u 0  ( x , t ) =   U 0  ( x )  e  i ω t ,     w  ( x , t ) = W  ( x )  e  i ω t ,     𝜙  ( x , t ) = Φ ( x )  e  i ω t


    A 11     d 2   U 0  d   x 2 +   B 11     d 2 Φ  𝜕   x 2 + 𝜌 A   𝜔 2   U 0 = 0


    A 55  (     d 2 W  d   x 2 +   d Φ  d x ) + 𝜌 A   𝜔 2 W = 0


    A 55  (     d 2 W  d   x 2 +   d Φ  d x ) + 𝜌 A   𝜔 2 W = 0


    B 11     d 2   U 0  d   x 2 +   D 11     d 2 Φ  𝜕   x 2 −   A 55  (   d W  d x + Φ ) +   𝜌   I 2 𝜔 2 Φ = 0


    B 11     d 2   U 0  d   x 2 +   D 11     d 2 Φ  𝜕   x 2 −   A 55  (   d W  d x + Φ ) +   𝜌   I 2 𝜔 2 Φ = 0


    U 0


  Φ


  W


  W  ( x ) =   a 1   e  𝜆 x ,     Φ  ( x ) =   b 1   e  𝜆 x ,       U 0  ( x ) =   c 1   e  𝜆 x


   [    0    B 11   𝜆 2  A 𝜌   𝜔 2 +   A 11   𝜆 2   A   𝜌 𝜔 2 +   A 55   𝜆 2    A 55 𝜆  0   −   A 55 𝜆  𝜌   I 2   𝜔 2 +   D 11   𝜆 2 −   A 55    B 11   𝜆 2 ]  [      a 1     b 1     c 1 ] = [ 0 ]


   |   d  i j | = 0 →   p 6   𝜆 6 +   p 4   𝜆 4 +   p 2   𝜆 2 +   p 0 = 0


   |   d  i j |  


    p  i


  𝜔


  𝜔


    a 1


    b 1


    c 1


    a 1


    b 1


    c 1


   [      d 12    d 13     d 22    d 23 ]  [      b 1     c 1 ] =   − a 1  [      d 11     d 21 ]


  W  ( x ) =   ∑  i = 1 6    a  i   e    𝜆  i x ,       Φ  ( x ) =   ∑  i = 1 6    b  i   e    𝜆  i x ,         U 0  ( x ) =   ∑  i = 1 6    c  i   e    𝜆  i x


    𝜆  i


    𝜆  i


    b  i


    c  i


    a  i


  𝜔  


    a i


    b i


    c i


  x =  ( 0 , L ) :   U 0 = W = 0 ;     x =  ( 0 , L ) :   M  x = 0


  x =  ( 0 , L ) :   U 0 = W = Φ = 0


  x = 0 :   U 0 = W = Φ = 0 ;     x = L :   N  x =   M  x =   Q  x z = 0


  [ B ] [ C ] = 0


  [ C ] =    [   a 1 ,   a 2 , … ,   a 6   ]  T


  [ B ]


  [ B ]


    𝜔  i


  [ B ] [ C ] = 0


    𝜔  i


  i


    A 11     d 2   U 0  d   x 2 +   A 16 3 +   𝜌   I 2 𝜔 2 Φ = 0


   [      A 16   𝜆 2    A 16 𝜆  𝜌 A   𝜔 2 +   A 11   𝜆 2   𝜌 A   𝜔 2 +   A 66   k  s   𝜆 2      k  s A 66 𝜆    k  s   A 16   𝜆 2   −     k  s A 66 𝜆  𝜌   I 2   𝜔 2 +   D 11   𝜆 2 −   k  s   A 66  −   k  s   A 16 𝜆 ]  [      a 1     b 1     c 1 ] = [ 0 ]


    E 1 = 181   G p a ,       E 2 =     E 1 40 ,       G 12 =   G 13 = 0 . 6   E 2 ,       G 23 = 0 . 5   E 2 ,     𝜈 12 = 0 . 25


    E 1 = 144 . 9   G p a ,     E 2 = 9 . 65   G p a ,     G 12 =   G 13 = 4 . 14   G p a ,


      G 23 = 3 . 45   G p a ,     𝜈 12 = 0 . 3 ,   𝜌 = 1389   k g /   m 3


    𝜔 - =   𝜔   L 2 h    𝜌    E 2


    𝜔 - =   𝜔   L 2 h    𝜌    E 1


  h = 200   m m


  b = 50   m m


  [ 0 / 90 ° / 0 ]


  [ 0 / 90 ° ]


  L / h


  [ 𝜃 ]  


  L / h


  L / h


  L / h


  [ 0 / 𝜃 ]


    𝝎 -


  L / h


  [ 0 / 90 ° / 0 ]


  [ 0 / 90 ° ]


  [ 0 / 90 ° / 0 ]


  [ 0 / 90 ° ]


  [ 0 / 90 ° / 0 ]


  [ 0 / 90 ° ]


    𝝎 -


  𝑳 / 𝒉 = 𝟏 𝟓


  [ 𝟎 / 𝜽 ]


  [ 0 / 90 / 0 / 90 ]


    E 1 = 181   G p a ,     E 2 = 10 . 3   G p a ,     G 12 =   G 13 = 7 . 17   G p a ,


      G 23 = 6 . 21   G p a ,     𝜈 12 = 0 . 28 ,     𝜈 13 = 0 . 02 ,     𝜈 23 = 0 . 4 ,   𝜌 = 1389   k g /   m 3


    𝜔 - =   𝜔   L 2 h    𝜌    E 2


  (   E 1 )


   (   E 2 )


  [ 𝜃 ]  


  [ 0   /   𝜃   /   90 ° ]


  𝜃 = 0


  [ 𝜃 ]


  [ 0   /   𝜃   /   0 ]


  (   B 11 )


  [ 𝜃 / − 𝜃 ]


  (   A 66 )


  (   A 16 )


    A 16


    D 11


    A 11


  [ 𝜽 ]


  [ 𝜽 / − 𝜽 ]


  [ 𝟎   / 𝜽 ]


  [ 𝟎   / 𝜽   / 𝟗 𝟎 ° ]


  [ 𝜽 ]


  [ 𝜽 / − 𝜽 ]


  [ 𝟎   / 𝜽 ]


  [ 𝟎 /   𝜽   / 𝟗 𝟎 ° ]


  [ 𝜃 ]


  [ 𝜃 / − 𝜃 ]


  [ 0   / 𝜃 ]


  [ 0 /   𝜃   / 90 ° ]


      𝜔 -  m a x


    𝜃 °  m a x


      𝜔 -  m a x


    𝜃 °  m a x


      𝜔 -  m a x


    𝜃 °  m a x


  [ 𝜃 ]


  [ 𝜃 / − 𝜃 ]


  [ 0 /   𝜃 ]


  [ 0   / 𝜃   / 90 ° ]


  [ 𝜃 / − 𝜃 ]

