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exact analysis, This paper proposes an approach for the exact solution of the transverse free vibration of
transverse free vibration, exponential axially functionally graded material (AFGM) Timoshenko beams with concentrated
AFGM Timoshenko beam tip masses and general boundary conditions. Initially, by utilizing the governing equilibrium
theory, equations of a Timoshenko beam, the main differential equation for the free vibration of the
elastic supports, AFGM Timoshenko beam is obtained. Then, the beam deformation function is achieved by
tip mass. solving the governing equation of the beam vibration exactly. Subsequently, by applying the

boundary conditions, the constant coefficient matrix of the beam becomes available. By making
the determinant of the constant coefficients zero, the characteristic equation of the system and
consequently, the beam's natural frequencies are obtained. It is noteworthy that the final relation
is presented so that it can be used to find the exact frequencies of homogeneous and
inhomogeneous Euler-Bernoulli, Rayleigh, and shear beams, too. Numerical examples
demonstrate the accuracy of the results obtained by the proposed method. In the next section of
the paper, the effect of the exponential gradient index, elastic end supports, concentrated tip mass,
rotational inertia of the concentrated mass, and thickness-to-length ratio on the natural frequencies
and mode shapes of the Timoshenko beam is investigated. The results show that the exponential
gradient index, boundary conditions, concentrated tip mass, and thickness-to-length ratio play an
influential role in the dynamic behavior of AFGM beams.

Extended Abstract

1. Introduction

and mechanical loading, Functionally graded material (FGM) was introduced as a thermal coating in a space

shuttle project. Today, the concept of FGM is a very new idea that has wide applications in various fields of
engineering. The material properties of beams made of FGM can be changed in the direction of thickness, in
axially functionally graded material (AFGM) or bi-directional functionally graded material (BDFGM). In this
research, the behavior of the second category, that is, AFGM beams, has been investigated. Since FGM beams are
mostly used as moving components in engineering structures, the vibration analysis of these components has been
studied by many researchers. For example, Tang et al. [1] presented an exact solution for the free vibration of an

I n previous years, with the expansion of the industry and the need for a material resistant to extended thermal
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axial-graded Timoshenko beam with exponential gradient and common boundary conditions. Rajasekaran and
Norouzzadeh [2] investigated the free vibration characteristics of Timoshenko beams with cross-sectional
characteristics and different material properties along the beam axis. Since the use of the differential transformation
method (DTM) does not provide satisfactory answers, they presented the differential transformation element
method (DTEM) which significantly increases the accuracy of the answers. Mohammadnejad et al. [3] presented
a simple method to analyze the free vibration of the Timoshenko beam with the help of weakened integral
equations. By transforming the governing differential equation into a weakened form and approximating the
vibration mode shape function with a power series, they obtained a system of linear algebraic equations. Shi et al.
[4] made available the free vibration analysis of Timoshenko beams with elastic supports by using the Fourier
series. Ghannadiasl and Mofid [5] investigated the free vibration solution of Timoshenko beams with elastic
supports which are under the effect of axial force and on Winkler's elastic foundation. Green's function has been
utilized to accurately model a uniform Timoshenko beam with arbitrary boundary conditions in their research.
Yuan et al. [6] introduced a novel approach to streamline the equations that govern the natural oscillation of
Timoshenko beams with varying properties along the beam axis. This research evaluates the functions of
exponential gradient, power, and their combination. Da Costa et al. [7] examined the transverse vibrations of a
uniform Timoshenko beam with elastic supports, employing the finite element method (FEM). Bambill et al. [8]
studied the transverse free vibrations of beams that have varying cross-sections and are axially graded. The
equations of motion were derived using Hamilton's principle, the desired points were obtained using Chebyshev
polynomials, and the problem was solved using the difference quadrature method (DQM). Huang et al. [9]
examined the buckling behavior of non-uniform Timoshenko beams with varying material properties and
compared it to the behavior of uniform Timoshenko beams. They utilized definite functions and power series in
their evaluation. They compared the findings they obtained with the exact values of the critical buckling load of a
Timoshenko beam and an Euler-Bernoulli beam. Soltani [10] studied the free vibration characteristics of a graded
tapering Timoshenko beam subjected to an axial load and concentrated forces at both ends. The semi-analytical
method of power series was employed for the analysis. Bozyigit et al. [11] studied the impact of compressive axial
force and viscous damping on the natural frequencies of the Timoshenko beam under various boundary conditions
using the differential transformation method (DTM) and dynamic stiffness method (DSM). Zhang et al. [12]
conducted a comprehensive review of the research carried out in the field of stability, buckling, and free vibration
of FGM materials in the past decade. Kumar [13] compared the results of the dynamic behavior of a Timoshenko
beam and an Euler-Bernoulli beam with a graded function on an elastic foundation. Zahedinejad et al. [14] explored
the structural characteristics of graded functional materials and provided a concise overview of the analytical and
numerical methods used for vibration analysis of FG beams and micro-beams. Pala et al. [15] studied the damped
vibration of a Timoshenko beam with uniform cracks, where the ends were restrained by linear and rotational
damper springs. This review discusses the intricate frequency equations for Euler-Bernoulli and cracked
Timoshenko beams. Fogang [16] introduced an approach utilizing the finite difference method (FDM), known as
the direct time integration method (DTIM). This approach enables the analysis of free vibration of nonradiative
Timoshenko beams with axially functionally graded (AFG) by considering damping, through the introduction of
additional points at the boundaries and discontinuity points. Bambaeechee [17] studied the free vibration of
polynomial and exponential axially functionally graded (AFG) beams with lumped end masses and elastic
supports. In addition, the researcher examined the impact of axial eccentricity and rotational inertia of concentrated
masses using the Euler-Bernoulli beam theory. Sharma et al. [18] introduced a computational model that examines
the vibration characteristics of beams with exponential gradients in a common support condition. In this study, the
beam’'s mechanical properties exhibit exponential variation along its length, while the width of the beam also
changes exponentially in the same direction. Bambaeechee et al. [19] provided a comprehensive analysis of the
free transverse vibration of AFGM beams with exponential gradient and general boundary conditions, utilizing the
Euler-Bernoulli beam approach. The study examined how different factors, such as elastic supports, connected tip
mass, and exponential gradient index, influenced the natural frequencies and vibration mode shapes of AFGM
beams with both symmetric and asymmetric boundary conditions. Gautam et al. [20] modeled the FGM beam
under an extended exponential law and common boundary conditions using MATLAB software. Khorshidi et al.
[21] investigated the effect of various parameters on the vibration properties and energy harvesting of FG beams
based on modified shear deformation theories. Hosseini-Hashemi et al. [22] proposed a unique approach to
investigate the free vibrations of non-uniform and FG Euler-Bernoulli beams using Cauchy’s formula. In another
research, Hosseini-Hashemi et al. [23] presented the exact characteristic equation of frequency and mode shape
for transverse vibrations of non-uniform and non-homogeneous Euler-Bernoulli beam with general non-classical
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boundary conditions at both ends. Reviewing the research conducted in the field of free vibration of beams, it is
evident that there is a gap in the investigation of the effect of elastic supports and end-centered mass on the
functionally graded Timoshenko beam with variable display characteristics, despite the various methods used to
study the transverse vibrations of heterogeneous beams. This research aims to provide a solution for the differential
equation of free vibration of an axially functionally graded material (AFGM) beam. The Timoshenko beam theory
is used, considering the impact of end elastic supports and end concentrated mass. With the proposed solution, it
becomes possible to differentiate between different types of beams and comprehensively solve these beam models.
It is reminded that, based on the applicants of FGM such as the biomaterial in biomedical engineering, rocket
structures and the outer wall of spacecraft in the aerospace industry, thermoelectric sensors and generators in
industrial automation and electromagnetic [24], better recognition and more accurate evaluation of the dynamic
behavior of FGM beams, especially with various support conditions, is an inevitable thing that can lead to more
suitable and optimal final designs in these areas.

2. Theoretical Formulation

A beam of length L with axial coordinate x is shown in Figure 1. The material properties, i.e., mass density,
elastic modulus, and shear modulus of the AFGM beam continuously vary in the axial direction as the following
exponential functions [18]:

p(x) = (p)oe?P /M, E(x) = (E)oe?P /1), G(x) = (G)oe?P /1) €]

Where g is the dimensionless exponential gradient index, E, G, and p denote the modulus of elasticity, shear
modulus, and mass density, respectively. Further, to model the elastic supports, linear rotational and translational
springs are utilized. The subscripts 0 and L refer to the start and end of the beam, respectively. kzo, Krz, kro, and
kr. denote the rotational spring stiffness at the start, rotational spring stiffness at the end, translational spring
stiffness at the start, and translational spring stiffness at the end of the beam, respectively. For simplicity, the
following dimensionless mass ratios (a,, a;, ¥, and y; ), stiffness coefficient (Kro, Krr, Kro, and Kr.), and stiffness
ratios (Ro, RL, To, and Tv) are introduced:

oMo Mo S| ¥
0 pAL’L pAL'y0 pAL3'yL pAL3

kpol? X ke ? 3
T EI TP EDC

PX)EX),G(X)

x=0 L X=L
Figure 1. Schematic of the exponential AFGM beam with general boundary conditions and tip masses

KRO KRL KTO KTL (4)

R, = R, = Ty = T, = :
O T 14+ Kpg P T 14 K T 14 Ky FT 1+ Ky

Accordingly, when the stiffness coefficients (Kro, K&z, Kro, and Krz) vary from O to oo, the corresponding
stiffness ratios (Ro, Re, To, and T.) take values from 0 to 1. Next, by utilizing the Timoshenko beam theory, two
basic governing differential equations representing the dynamic rotational and transverse equilibrium of a beam
element are expressed:

a ow 0w
—|xA 2B (x/L) <_ )] — pnAe2B&/L) —___ — 5
Ep [K Gye Ep + @ pode FTe 0 (5)
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0 dp ow 9%
— [Eolezzf(x/w 2] - kagoersem (E n (p) ~ pole* e EE — 0 (6)

Where A is the cross-sectional area, | is the second-order moment of cross-sectional area, x is the shear
correction factor, ¢ is the rotation of the cross-section at the neutral surface, and w is the transverse deflection of
the neutral surface. By separating the variable ¢ in Equation (5), the following relation holds:

a(p 20w 0*w  poA d*w 28

av_ce 7
ax L ax 0x? +KAGO acz 1 ¢ )

Finally, by substituting the derivatives of Equation (7) into the derivative of Equation (6) with respect to x, the
governing differential equation for the free vibration of the AFGM Timoshenko beam is obtained as follows:

w 4ﬁ83 28, 0°w  [poA  pol] 0*w  2B[poA  pol] 0°w  poAd*w  poApel d*w

- 7o B o ez = - = 8

a Yo T 92 T e, TE ) axaez T L liaGy T Eyllaxace T Egl 962 T kAGyE,l ott ®
Since only harmonic vibration is considered, one may take w and ¢ in the form:

w(x, t) = W(x) sin wt , @(x, t) = P(x) sin wt 9)

Where W and v are the amplitudes of vibration and bending rotation, and w is the angular frequency. For the
convenience of later analysis, let us introduce the following dimensionless quantities:

U= K TZ — pOI 2 _ EOI 2 _ pOA

L' T poAl2® TrAGLE T Bl

£O% 142 (10)

The parameter r reflects the effect of rotational inertia of the cross-section, and s characterizes the effect of
shear deformation. By substituting the response functions and utilizing Equations (10), Equations (7) and (8) can
be rewritten as [1]:

dyp _dw

f +2ﬁlp _d—fz [?—6—52.(22 (11)
4y 2
C‘iif +4p (2;3] [46% + (r? + s2)0?] L;;z] +2B(r? + s2)0? d—g + (r?2s20?-1DN?*U =0 (12)

for a functionally graded Timoshenko beam, we have s#0 and r#0. A functionally graded Rayleigh beam can
be reduced only if setting s = 0, while a shear beam can be reduced by setting r = 0, respectively. If further setting
r =0 and s = 0 simultaneously, an axially graded Euler—Bernoulli beam is recovered, where both shear deformation
and rotational inertia are neglected. It should be noted that by using the relationship between the shear model and
elastic modulus, it can be said that by keeping Poisson's ratio (v=0.3) and the shear correction factor for a
rectangular section (k=5/6) constant, the effect of rotational inertia (r) and the effect of shear deformation of the
section (s) which were introduced in Equation (12), only depend on the thickness-to-length ratio of the beam (h/L)
[25]:

E 1 h (1+v) h

T TP T e @ (49

Subsequently, the general solution for the lateral deformation of the beam per unit length (U) and the rotation
due to bending deformations (i) can be expressed by the following functions:

U§) = CeM,y(&) = He® (14)

Where C and H are the unknown constants related to the functions U(¢) and (&), respectively. The
characteristic equation of Equation (12) is:

4B+ [4B% + (r® + 520222 + 2B(r? + s2)22A + (r2s20* = 1)N* = 0 (15)

Solving the above equation results in four roots as follows:
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2 _{—ﬁial,n<n£$1 {—ﬁisz,n<n£§]
1,3 —

= 16
- +i6,0>0 2l 19

L7247 g + s, ,0 > 0

cr

where we have used notations

[ _ p2 2
fer =0 j1 +B2(r2 + 52) + 1 + 2B2(r2 + 52) + B2 —s2)2 (17)

QoI L [LHBG2 457 + T 20°G7 +57) + P07 = 57 18)
s 2 ’
J432 -2 [JGZ=sD207 + 407 + (r2 + 52022 N
1
- 0 <0l .
5 =40 0 =0l
Jz [VGZ=sD207 + 407 + (r2 + s2)02] - 457
>0l
2 ’ cr
J432 +2 [T = 5207 + 407 - (r? + s2)02]
n<o?
2 ’ cr
8 =10 0 =0l (20)
Jz |02 + 5207 = [G7=s7)20% + 407 — 452
>0
2 ’ cr

We can directly write the corresponding expressions for the mode shape with the three possible cases above.
They are:

U(§) = e FE[C, cosh(8,8) + C, sinh(8;8) + C5 cosh(8,€) + C, sinh(6,8)], 2 < o (21)
U(E) = e~FE[C, cos(8,8) + C, sin(8,€) + C5 cosh(8,8) + C, sinh(5,9)], 0 < 0 < o (22)
U§) = e FE[C; cos(8,8) + Cy sin(8,8) + C3 cos(8,€) + Cy sin(8,8)],2 > 02 (23)
U() = e FE[Cy + C1¢ + C3 cosh(8,8) + C, sinh(8,8)],2 = LY (24)
UE) = e FE[Cy + Cof + C3008(8,8) + Cysin(8,)], 2 = L2 (25)

If considering the frequencies lying in 22 < 2 < 0!2), the mode shape of rotation v can be expressed as:

W(&) = e PE[H, cos(8,&) + H, sin(8;€) + Hy cosh(8,&) + H, sinh(6,8)] (26)
Substituting Eq. (22) and Eg. (26) into Eq. (11) leads to

H=]"INC (27)
With
g 8 0 0
0 0 & B
I[—sznz + B2 +6,° 0 0 0 ]I
<202 2 2
[ 0 0 —s202 4+ B2 -6, 0
0 0 0 —s20% + % - 5,°
H=[H; H, H; HJ",C=[C; C; C3 G, (30)

Where Cjand Hjare constants, the superscript T specifies the transpose of a vector or matrix, and the superscript
-1 stands for the inverse of a matrix. Additionally, substituting Eq. (27) with Eq. (26) gives the rotation.

P(&) = e PEHTV = e BSCTNT(J-1)TV (31)

Where
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V = [cos(6,8) sin(8;8) cosh(5,€) sinh(8,8)]7 (32)

Finally, the following relations are proposed to calculate the lateral deformation of the beam per unit length
(V), rotation due to bending deformations (i), bending moment (M), and shear force (Q):

U=eBCTV,yp = e PECTNT(-D)TV (33)
_ EBol pe iy (_g+ v o= pect (—p 4 & -
M == eBECTNT () 1)T( ,8+d§>V,Q—KAGOe cT( B+t N0 1)T)v (34)

By substituting the relations for bending moment (M) and shear force (Q), the general boundary conditions of
the AFGM Timoshenko beam can be written as:

d
(1-Ry) % — Rop(E) + (1 — R)YAQ2P(E) = 0 £=0 (35-2)
1-T,) /dU
Sad1) (G +¥)-To0@ + (1~ Ty 4,220 (@) = 0 £=0 (35-)
(1 —Ry)e? Z—f + RLe2Pp(8) — (1 — RYEQ*P(E) = 0 E=1 (35-¢)
1- d
(S—ZTL)eZBf (d—g + ¢) + TP U(E) — (1-T)) a,02U() =0 § =1 (35-d)

Subsequently, by utilizing the proposed relations to calculate the lateral deformation of the beam per unit length
(U) and rotation due to bending deformations () in Equation (35) and arrange them based on the unknown
constants, a four equation-four the unknown system is obtained in matrix form as follows:

KC=0,K= (36)

Where C and K are the vectors of unknown constants of lateral deformation and the matrix of constant
coefficients of free vibration of the beam, respectively. The above system of equations has a solution only if the
determinant of the coefficient matrix becomes zero. The characteristic equation of the determinant of the beam is
obtained by making a coefficient matrix govern the free vibration of the structure zero. This is based on the
principle that the characteristic equation is derived by setting the determinant equal to zero. The system's natural
frequencies and, consequently, the structure's mode shapes become available by finding the real roots of the
characteristic equation. The characteristic equation obtained from Expression (36) is presented in such a way that
the principle governing Equation (12) also applies to the characteristic equation of the AFGM Timoshenko beam
with general boundary conditions. In other words, if in the characteristic equation of the exponential functionally
graded Timoshenko beam obtained from Expression (36), the effects of rotational inertia (r) and shear deformation
(s) are neglected, the characteristic equation reduces to that of the exponentialfunctionally graded Euler-Bernoulli
beam. If only the effect of shear deformation (s) is neglected, the characteristic equation becomes that of the
inhomogeneous Rayleigh beam. If only the effect of rotational inertia (r) is assumed to be zero in the final
characteristic equation, the characteristic equation of the axial graded shear beam is obtained. By considering the
exponential gradient index (f) as zero in the final characteristic equation, the characteristic equation of the
homogeneous beam is obtained. It should be added that the equations obtained are used only for the free vibration
of beams on a macroscopic scale. Accordingly, the forced vibration of beams or considering the microscopic scale
can be evaluated in future research.

3. Numerical Comparisons

In this section, to validate the proposed formulation, the natural frequency coefficient (Qn) is calculated for an
example with elastic boundary conditions and the results are presented in Table 1. The examined sample is a
homogeneous beam with different thickness-to-length ratios (h/L) in which all the rotational and translational
stiffness coefficients at the start and end of the beam are variable (=0, Ro=R.=var., To=T.=var) Based on the
findings in Table 1, it is evident that the proposed formulation has high efficiency and accuracy in comparison
with valid research.
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Table 1. Comparison of non-dimensional frequency for the uniform beam with elastic rotational and translational end

supports
Bambaeechee Bambaeechee Ghannadiasl Lai etal.,
h/L To=TL Re=R. O, Present etal., [19] 126] and Mofid [5] 127
5/6 5/6 n= 3.10979 3.10979 3.10993 - -
n= 8.83788 8.83790 8.83813 - -
n =3 31.80149 31.80148 31.80170 - -
0.0 10/11 10/11 n=1 4.36082 4.36083 4.36100 4.3608 4.36100
n=2 10.69890 10.69859 10.69879 10.699 10.69879
n=. 34.89180 34089182 34.89147 34.892 34.89147
1/2 n= 1.40219 - - 1.4022 -
n-= 4.64050 - - 4.6405 -
n= 18.93359 - - 18.934 -
0.1 1/2 10/11 n= 1.40704 - - 1.4070 -
n =, 7.59296 - - 7.5930 -
n=. 23.42314 - - 23.423 -

Table 2. Comparison of non-dimensional frequency for the elastic cantilever AFGM beam with tip mass

hiL o, R=T.= o=y,
0.1 (low stiffness) 0.5 (moderate stiffness) 0.9 (high stiffness)
n=1 0.36816 0.92162 1.76845
0.0 n=2 1.44503 3.05967 5.71078
n=3 19.85696 18.49921 22.17594
n=1 0.36782 0.89372 1.15789
0.2 n=2 1.38021 1.93018 2.63125
n=3 14.21979 6.41007 7.87456
n=1 0.36732 0.88741 1.14957
04 n=2 1.31991 1.91399 2.50470
n=3 12.61241 5.91137 7.10390

\ R.=T,
—=—1.0
0

\X\\ —_—— .
X\
) \X\S;E 5
W—N:\’—*«
0 hd A A
0.0 0.2 0.4 0.6 0.8 1.0
aD :7/0

Figure 2. Variation of the first non-dimensional frequency for the elastic cantilever AFGM beam with tip mass (h/L=0.2)

In the following, to present the effects of the elastic supports and tip mass on the free vibration analysis, the
natural frequency coefficient (Q) is calculated for an elastic cantilever AFGM beam with tip mass and the samples
of numerical and graphical results are shown in Table 2 and Figure 2, respectively. The examined sample is an in-
homogeneous beam with different thickness-to-length ratios (h/L) in which the rotational and translational stiffness
coefficients at the end of the beam and dimensionless mass ratios at the start of the beam are variable ($=0.5,
R=T.=var., ay = y,=var.). Based on the results in Table 2 and Figure 2, it is found that the elastic supports,
concentrated tip mass, and thickness-to-length ratio play an influential role in the dynamic responses of AFGM
beams.

4. Conclusion

This paper proposed an exact formulation to calculate the natural frequencies with general boundary conditions
encompassing different beam deformation patterns. The findings of this research can be used to verify other
analytical and numerical methods. Based on the obtained responses from evaluating the effect of various factors
on the exact values of natural frequencies in different patterns, the following conclusions can be drawn:
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When examining the impact of various theories of beam deformation on beams with common boundary
conditions, it was found that Timoshenko's AFGM beam had the lowest fundamental natural frequency, while
Euler-Bernoulli's double-ended AFGM beam with the exponential gradient index absolute value of one (|5|=1)
had the highest.

Upon examining various deformation theories, it has been observed that shear beams are a reliable
approximation for modeling Timoshenko beams. For instance, in the case of a homogeneous beam with
common boundary conditions, the natural frequency of the first mode of the Timoshenko beam is found to be
less than one percent different from that of the shear beam.

By increasing the thickness-to-length ratio for all boundary conditions, the natural frequency coefficient of the
system decreases. However, the intensity of frequency reduction in higher modes is more significant.
Additionally, at higher thickness-to-length ratios, the intensity of frequency reduction is more pronounced.

By increasing the stiffness of elastic supports, the natural frequencies of the system increase. However, the
intensity and range of changes in natural frequency are higher in lower modes compared to higher modes.

By increasing the concentrated mass coefficient, natural frequencies decrease. The range of changes in
vibration frequencies in lower concentrated mass coefficients (0 to 0.1 range) is more than other ranges.

Increasing the stiffness of elastic supports at higher thickness-to-length ratios decreases the intensity and range
of changes in natural frequencies. In other words, vibration frequencies in thicker beams have less sensitivity
to variations in the stiffness of rotational and translational springs. For example, in the AFGM beam with both
rotational and rotational elastic supports, increasing the stiffness of rotational and rotational elastic supports
has the least effect on the natural frequencies of the beam with a thickness-to-length ratio of 0.4; In such a way
that in high hardness, the natural frequency of the first mode will be about 8.5 times compared to the minimum
mode. Against that, increasing the stiffness of elastic supports has the greatest effect on the natural frequencies
of the Euler-Bernoulli beam (h/L=0); In such a way that in high hardness, the natural frequency of its first mode
will be 9 times compared to the minimum mode.

The effect of variations in the stiffness of translational springs on vibration frequencies of the system is greater
than the stiffness of rotational springs.

For the AFGM beam with elastic boundary conditions and symmetric tip mass, the minimum natural frequency
occurs for the homogeneous beam ( = 0). Also, due to the symmetric boundary conditions of the beam, the
graph of natural frequency changes against the change index is symmetric.

Increasing the thickness-to-length ratio of a beam and adding concentrated mass can have a significant impact
on the deformation of vibration modes. However, the effect of increasing the ratio of beam thickness to length
becomes weaker in the presence of concentrated mass.

10-Increasing the thickness-to-length ratio of a beam and the stiffness of its elastic supports can significantly affect

its vibration modes. However, as the stiffness of the supports reduces, the effect of increasing the thickness-to-
length ratio of the beam becomes weaker.

11-By investigating the effect of thickness increase on the mode shapes of AFGM beam vibration, it was found

that the influence of shear in higher vibration modes is more noticeable compared to lower vibration modes
due to the decrease in the half wavelength of the mode.
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