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Natural frequency, In the present study, the natural frequencies of rectangular plates made of multi-directional
Functionally graded plate, functionally graded materials on an elastic substrate was investigated for the first time. The
Three-dimensional elasticity. mechanical properties of the material in the examined plate can be changed in all three coordinate

directions according to a power law function. Equations of motion are written according to the
three-dimensional theory of elasticity and then discretized using the method of Generalized
Differential Quadratics. By comparing the results of several examples in the published articles,
the validity of the method and the solution was examined, indicating the high accuracy of the
method used. The influence of a change in direction on the mechanical properties is examined
using several examples and the results are examined. In addition, the effects of plate thickness,
plate dimension ratio and the effects of elastic foundation parameters for different boundary
conditions were investigated and presented in the form of diagrams. The results show that the
direction of change in material properties can have a significant effect on the natural frequency of
the plate.

Extended Abstract

1. Introduction

n recent years, the investigation of the mechanical behaviors of functionally graded rectangular plates,
including their free vibrations, has garnered significant attention from researchers [1-18]. A review of the
literature reveals that the vibrations of plates made from multi-directional functionally graded materials
have received less attention [19,20]. Tahouneh and Naei [21] studied the free vibrations of two-directional
functionally graded plates on an elastic foundation with two opposite simply supported edges using three-
dimensional elasticity theory. Khorshidi et al. [22] studied the effect of a thermal environment on the free
vibrations of functionally graded rectangular plates on an elastic foundation using one of the plate theories. Adineh
and Kadkhodayan [23] investigated the bending and dynamic response of skew plates made from multi-directional
functionally graded materials on an elastic foundation. Yin et al. [24] performed free vibrations and buckling of
in-plane functionally graded plates using higher-order shear deformation theory and the Isogeometric method.
Thai et al. [19] investigated the three-dimensional bending and free vibrations of multi-directional functionally
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graded rectangular plates in a thermal environment using the Isogeometric method. Xiang et al. [25] conducted a
three-dimensional solution for the free vibrations and buckling of rectangular plates with gradual variations of
material properties in two in-plane directions.

By reviewing published articles, it can be observed that there have been few studies on the natural frequencies
of multi-directional functionally graded rectangular plates using three-dimensional elasticity theory. The existing
studies have limitations such as limited boundary conditions type, limited material distribution, and neglecting the
effects of an elastic foundation [19, 21, 24, 25]. As the thickness of the plate increases, the errors in plate theories
also increase [26]. Therefore, the use of three-dimensional elasticity theory for plates is crucial. Additionally, in
many structural applications involving beams [27] and plates [21], considering an elastic foundation is effective
in bringing analyses closer to reality. In this study, for the first time, the natural frequencies of such plates were
investigated using a generalized three-dimensional differential quadrature method. This solution method allows
for the consideration of material variations in all coordinate directions and the independent definition of support
conditions for each edge. Comparing the obtained results with those in published articles shows good agreement.
The influence of various parameters such as material distribution indices, thickness, and length-to-width ratio on
free vibrations has been examined. Since this study utilized three-dimensional elasticity theory, the results obtained
can serve as a suitable reference for validating future work.

1. 2. Problem definition

Consider a functionally graded rectangular plate on an elastic foundation, similar to that shown in Figure 1.
The parameters a, b, and h, which are used in this article to represent the dimensions of the plate, are also specified
in the figure.
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Figure 1. Multi-Directional Functionally Graded Rectangular Plate on an Elastic Foundation

2. Material Distribution

In this research, the material properties can vary in all three coordinate directions. The plate is composed of
two phases. The functionally graded material distribution follows the rule of linear mixture according to the
following equation:

P=(P,—P)V; + P, 1)

In the above equation, P represents each of the material properties, such as the modulus of elasticity, and V1
and V; are the volume fractions of each of the phases forming the plate, with the following relationship between
them:

N R OK 2

Nnx, Ny, and n; are called the material distribution indices of the material distribution function.

3. Equations and Boundary Conditions

The equations of motion in Cartesian coordinates based on three-dimensional elasticity theory are as follows:

0o, | 0Ty 0Ty, 0%u 0Ty 00y 01y, 0% 0Ty, 0Ty, 0o, 0w 3
ox "oy oz Parr ox oy oz  Paz ox "oy "9z P

The stress components in the above equations are related to the corresponding strain components as follows:
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E
Oy = m [(1 — V)Sx + V(&‘y + SZ)] (4)
E
% = Ty [(1—)ey +v(ee + )] (5)
E
% = TaTa [(1 —v)g, + v(ex + Sy)] (6)
K _E _E .
Py T Q) e T ) e T () o

The strain components also relate to the deformations as follows:
_Ou _ v ow _1<6u+6v> _1(6u+6W) _1(6v+6W) 8
T Ty T 9% T \ay Tox) 2 T 26z T ax ) 2 T 2\ 82 T oy ®)
By combining equations 3 to 8, the equations of motion based on the strain components can be derived. The
boundary conditions used are defined as follows:

x=0a-v=w=0,=0 x=0,a B B _

$sSS {yzO,b—)u:W:JyZO ccee {320 mu=0v=0w=0
©9)

S:x=0a-v=w=0,=0 C:x=0a-u=v=w=0
scsc {C:yzO,b—>u=v=w=0 CFCF {F:y=0,b—>0y=rxy=ryz=0
Additionally, boundary conditions on the top and bottom surfaces of the plate are introduced as follows:
0,=0,T,, =Ty, =0atz=nh (10)

92 92
O_z=kww_ksx0_;:_ksya_y‘fr1—xz=ryz=0atz=0 (12)
In equation 11, the parameters of the elastic foundation are according to the following relationships:
K, D, KD, Kgy D, E.hn®

few a* ks a? ksy b2 7 (12(1 - v:2)) (12)

In the above equation, Ks, Ksy, and Ky, are constant values that determine the stiffness of the elastic foundation.

E: and v. are the modulus of elasticity and Poisson's ratio of one of the phases forming the functionally graded
material.

4. Differential Quadrature Method

In this paper, the differential quadrature method is used to discretize the equations.

5. Calculation of Natural Frequencies

To obtain the natural frequencies, the nodal points related to the motion equations (d) and the nodal points
where the boundary conditions are determined (b) are separated. As a result, the stiffness matrix is also divided

into four separate parts. Using the calculated matrices and solving the eigenvalue problem, the natural frequencies
are obtained.

6. Validation

To validate the results, the natural frequencies of several similar plates have been compared with the results

from references [28], [29], [30], [17], [31], [32], [33], [21], [24], [25] and [19], revealing a good agreement.
7. Numerical Results

A rectangular plate with functionally graded materials that can vary in all three coordinate directions has been
investigated. The constituent materials of the plate are Si3N4 and SUS304.

The influence of a material property variations, plate thickness, plate dimension ratio and elastic foundation
parameters on the first natural frequency for different boundary conditions were investigated and the results
presented in similar figures to those shown below.
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Figure 2. Variation of the first natural frequency of a multi-directional functionally graded rectangular plate with power-law
distribution exponents (nx, ny, nz) under SSSS boundary conditions on an elastic foundation against Kw. (=1 m, b=1 m, h=0.1 m,
stszyleO)
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Figure 3. Variation of the first natural frequency of a multi-directional functionally graded rectangular plate with power-law
distribution exponents (nx, ny, nz) under clamped conditions (CCCC) on an elastic foundation against an increase in thickness. The
dimensions of the plate are a=b=1 m, and the elastic foundation coefficients are Ku=Ks=Ks=100.

8. Conclusion

In this research, for the first time, the free vibrations of a functionally graded rectangular plate with a multi-
directional power distribution function, which can vary in all directions, were studied on an elastic foundation
using three-dimensional elasticity theory and independent support conditions. The generalized differential
quadrature method was employed for discretizing the equations. Various aspects such as the effect of material
property variations, the influence of elastic foundation parameters, support conditions, and geometric dimensions
ratios of the plate were investigated. The results indicated that material property variations (in thickness direction,
in-plane, or different combinations) could have a significant impact on the natural frequency of the plate.
Additionally, the manner in which material property variations affect the plate can be influenced by factors such
as geometric dimension ratios and support conditions, which were reported in graphical form. Based on the results
of this study, it can be inferred that in cases where the volumes of the constituent phases of the two plates are
equal, the material distribution direction can create different frequencies. The results also showed that within the
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studied range, increasing the elastic foundation coefficients how can effect on the natural frequencies of different
plates with different material distributions. Furthermore, it was observed that increasing the length-to-width ratio
of the plate could change their natural frequencies. The impact of changing the plate thickness on the natural
frequency also demonstrated that increasing the thickness of the plates under investigation led to a decrease in
their first natural frequency. Increasing the size of the material distribution indices in all plates resulted in a
decrease in the first natural frequency due to the materials' properties approaching those of the metal phase.
Additionally, studying the effect of the support type showed that changing the support conditions from free support
to simply supported and then to clamped support led to an increase in the first natural frequency of the plate.
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