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this study, thermoelastic analysis has been performed on a rotating disk with variable
thickness and made of functionally graded materials using the generalized quadratic
differential method. First, by expanding the displacement differential equation and then
by applying the thermal strain caused by the thermal gradient, the radial and
circumferential stress-strain relations in the elastic state and from the combination of
these equations, the stress relations in terms of strain are obtained. Finally, by placing
the strain-displacement relationships in the stress-strain equations and placing the
resulting equation in the disk equilibrium relationship, the thermo-elastic equation of
this disk is obtained. This general equilibrium equation is related to a disk with variable
thickness and properties that is under symmetrical thermal loading and centrifugal.
Changes in the thickness, temperature and properties of the disk as a function of the
radius have been investigated and the results have been compared. In this study, the
validation was done with the variable material theory method and at the end, the stress,
strain and displacement in the state of temperature-dependent properties was checked.
The results show that the maximum error is 5% and this method can be effective in the
analysis of rotating disks under mechanical and thermal loading in turbine engines.

Extended Abstract

1. Introduction

he application of rotating disk is in air turbine engines and compressors. considering the high efficiency

and the need to increase the resistance of materials against thermal and mechanical, loads the thermoelastic

analysis of rotating disks made of modern materials becomes necessary. The free turbine (power turbine)
according to Figure 1 is the power generator in the turboshaft engine. Figure 2 also shows how to use the power
produced by the free turbine in a helicopter. Considering the variable properties of anisotropic materials in the
thermoelastic equation, it is necessary to use a suitable numerical method in the thermoelastic analysis of this disk.
The rotating disk in the turboshaft engine is subjected to severe thermal gradients and severe mechanical loading,
including centrifugal force.
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Kord Kheili and Naghd Abadi [4] presented a semi-analytical solution to obtain the stresses of a hollow rotating
disk that was subjected to thermal loading. Cveticanin [9] has used homotopy perturbation method for nonlinear
differential equations. Singh [10] calculated the stress and strain rate distribution for the anisotropic rotating disk
and compared the result with the isotropic rotating disk. Jalali and Shahriari [12] investigated the elastic analysis
of an FGM annular rotating disk using the finite difference method. Yousefi et al. [13] performed an exact
analytical solution for the axial compressor spool drum of a gas turbine engine. Shahriari and Sadeghi Nezhad
[14] presented an exact analytical solution for the thermoelastic analysis of an FGM rotating drum in both
homogeneous states and under internal and external loadings. Shahriari and Safari [15] analyzed the FGM rotating
disk in an aircraft gas turbine engine that is subjected to mechanical and thermal loads with four variable material
properties (VMP), Galerkin and Rangkota methods with two different laws. Shahriari and Sedighi [17] analyzed
the disk with non-linear variable thickness in gas turbine engine by hypergeometric method.

The purpose of this study is to analyze the stress of the rotating disk using the differential quadratic method.
The governing equations of the disk are extracted and solved using the mentioned method in order to calculate the
stresses caused by the loading of the rotating disks.

Inlet Compressor Combustion Chamber Exhaust Power Shaft

Compressor Turbine

Free (Power) Turbine

Figure 1. Schematic of a turbofan engine and free turbine position [1]

| Gas generator I Shaft power to helicopter
I" ’*[ main rotor

Gearbox

Power turbine
Figure 2. The power of the free turbine that generates the power of the main rotor shaft of the helicopter [2]

2. Thermoelasticity equation of rotating disk

The equilibrium equation for the element of figure 3 of the disk in the radial direction is written as equation 1:

ro,d6 + d(a,rd6)

priw?hdrdd

ogdr * .
4 gpdr

ro,do
Figure 3. Stresses on the element from the disk along with the disk thickness profile

do,rdf + o,drdf + o,rd*8 + priw?hdrdf — oydrdd = 0 (1)

where h is the thickness and o is the angular velocity of the disk. Stress relations in terms of strain are obtained
from equation 2:
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o = ﬁ (& + veg — (1 + v)aAT) )

E
Og = m(é’g + ve, — (1 + U)O(AT) (3)
E is the modulus of elasticity, v is Poisson's ratio, and o is the coefficient of thermal expansion. By inserting
equation 2 and 3 in the equilibrium equation, equation 4 is obtained. This is the general equation of equilibrium of
a disk, with variable thickness and properties, which is symmetrical under centrifugal and thermal loading.
d*u dE dh du dh dE 1 ) - d(hEaAT)
rhE W-F(ThE-FrEE-’-hE)E-’-(UEE-’-UhE_;Eh)u-’-(1_17)hpwr —r(1+v)7dr =0 4)
The value of each property at the beginning and end changes with the temperature in the form of equation 5,
and the value of that property at any radius of the disk is obtained by equation 6.

PO(OTPl‘) = Po(P_lT_l +1 +P1T+P2T2 +P3T3) (5)
r—r1\"

P(r)=(Po_Pi)< ) +P;n<r<m (6)
To —Ti

where r;is the inner radius and r, is the outer radius of the disk. The thickness of the profile used in this problem
is parabolic according to Figure 4 and is a function of the radius with constant coefficients, which is expressed as
equation 7.

Figure 4. Cutaway view of thickness profile schematic

w)=ho(1-q()") )

0

ho is the thickness in the axis of the disk. g is a number between zero and one, but it can also be zero. When g
becomes zero, the thickness profile becomes uniform. my is a number that is always positive if it becomes equal
to one and g is opposite to zero.

The temperature distribution of T(r) is defined by equation 8 in the radial direction.

T(r)=Aln (%) + T,

p _Thi—-To (8)

The criterion used to obtain the equivalent stress is the von-Mises criterion.
3. Solution method

Solving some differential equations is difficult or impossible, so the desired equations can be converted into
solvable equations using numerical methods; One of these numerical methods is the differential quadratic (DQ)
method. In this method, the derivative of the function is defined as equation 9:

N

f;c(n)(xi) = Z CL(Jn) f(x]) nmn=1..,N—-1 (9)
j=1
The first step in this method is determining the coordinates of the nodes, which is obtained from the following

equations:
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A) Points with equal distances:

i—1

Si=y-1° i=1,..,N, (10)
-1

Yi_N—lb i= 1,...,Ny (11)

B) Points with unequal distances:

X—a{l (i_l)} i=1,..,N 12
=5 cos NX—ln i=1..,N, (12)

Y—b 1- i-1 i =1 N. 13
2 i=1,..,
i=3 cos N, —1 i y (13)

In the above expressions, a and b are respectively the length of the desired interval in the directions x and v,
and Ny and Ny expressing the number of nodes in the said directions.

The second step is to determine the weight coefficients used in this method from the following equations:

MX; =1, N, i
Ag}) = MGy i JEX "
(X = X;)M(X;)
B = _P&) Lj=1.,Ny, j#i )
U (v -y)P(Y)
Nx
e = o) (16)
j=1
JE
Ny
Pe) = [(-1) -
j=1
J#i

Considering equation 4 and simplifying the coefficients, the disk equation is obtained in the form of equation
18. This equation is solved by differential quadratic method.

Au"+Bu' +Cu+D =0 (18)
4. Thermoelastic analysis of a specific rotating FGM disk and Verification of results

In this part, a specific FGM disk with geometrical specifications and mechanical properties according to Table

1 is analyzed. Mechanical properties are placed in a temperature-dependent state. The specifications of Table 1
are related to titanium and zirconium materials.

The diagram of changes in displacement, radial and circumferential stress, radial and circumferential strain
according to the radius of the disk, was obtained by the GDQM method and validated with [15] reference diagrams.
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Figure 5. Displacement diagram of specific rotating FGM disk by (a) GDQM method (b) Other methods

Table 1. Temperature-dependent mechanical characteristics of a specific rotating FGM disk [15]
Mechanical specifications value
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outer surface

inner surface

Po 244.27 x 10° 122.56 x 10°
P4 0 0
Modulus of elasticity (Pa) P, —1.37 x 107 —4.59 x 10*
P, 1.214 x 10 0
Ps —3.68 x 10%° 0
Poisson's ratio 03 0.3
Density (-5) 3000 4429
Temperature (°K) 473 373
Angular velocity (@) 5670 5670
-6
P 12.766 x 10° 7.578 %10
0
Coefficient of thermal P 0 .
expansion (:0) Py —1.49 x 103 6.638 x 10
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Figure 6. Radial stress diagram of specific rotating FGM disk by (a) GDQM method (b) Other methods
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Figure 7. Circumferential stress diagram of specific rotating FGM disk by (a) GDQM method (b) Other methods
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Figure 8. Radial strain diagram of a specific rotating FGM disk by (a) GDQM method (b) Other methods
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Figure 9. Circumferential strain diagram of a specific rotating FGM disk by (a) GDQM method (b) Other methods

5. Conclusion

In this study, the thermoelastic analysis of rotating FGM disk in turboshaft engine was done by differential
quadratic method. The loading on the disk includes the centrifugal load caused by the rotation of the disk with a
certain angular velocity, the extensive tensile load on the external environment of the disk due to the centrifugal
force of the blades, and the extensive compressive load applied by the disk on the shaft. Also, the thermal load
caused by the thermal gradient is also on the disk. In this study, the differential quadratic method was used for the
FGM rotating disk in the air gas turbine engine in the temperature-dependent internal and external loading mode.
The results of the GDQM method were very close to the other methods and the maximum error in the diagrams
was 4% or 5%, which is an acceptable result. Also, the results of GDQM and VMP methods were very close.
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