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In this research, free vibration of tapered sandwich beam with variable thickness is investigated.
The core is made of porous aluminum foam, which is included by two composite skins reinforced
with carbon nanotubes. In order to derive the equations of motion, first the constitutive equations
of the core and skins are expressed. Then the kinetic and strain energies of the beam are calculated.
Formerly, with the aid of applying Hamilton's principle, the equations of motion of the beam,
which are of the type of partial differential equations, and also the equations of the boundary
conditions are derived. Next, using the differential quadrature method, the equations of motion
and boundary conditions are discretized in the form of algebraic equations and rewritten in the
form of the standard eigenvalue equation. By solving the eigenvalue problem, the natural
frequency is evaluated. In order to validation of modeling and solution method, the present results
are compared with those available in the literature. Finally, the effect of porosity distribution,
porosity coefficient, core thickness and beam length on the natural frequency is investigated.

Extended Abstract

1. Introduction

heat resistance and high specific strength, which have led to their use in aerospace industries and sound

P orous metal foam beams, sheets and shells have special properties such as low density, energy absorption,

absorption systems. Recently, in order to discover the practical needs of industries, they have become a
global focus of attention in the fields of engineering between research communities [1-3]. In order to address the
high practical needs of engineering industries, understanding the dynamic properties of porous metal foam beams,
sheets and shells is important. Analysis of dynamic and vibration behavior of porous metal foam structures is a

new area of study.

K. Magnucki. and P. Stasiewicz in [4] focused on the buckling of a simply supported isotropic porous beam
with variable thickness and tensile stiffness. D. Chen et al. [5] analyzed the bending and buckling of a functionally
graded (FG) porous beam based on the Timoshenko beam theory. An analytical solution was proposed by H. A
Atmane et al. [8] to address the problem of bending, free vibration and the buckling of an FG porous beam while
considering shear deformation and tensile thickness. S. Kitipornchai et al. [10] studied the free vibration and
buckling of graphene-reinforced minor FG porous beams using the Timoshenko beam theory and the Rayleigh-
Ritz method. Phuong et al. [13] analyzed the bending behavior of a Timoshenko FG porous beam. H. Tang et al.

* Corresponding author. Tel.: 09124708858; Fax: 02536641604
E-mail address: talebi@qut.ac.ir

DOI: https://10.61186/masm.4.1.1
Received: February 26, 2024; Received in revised form: March 16, 2024; Accepted: April 27, 2024

© Author


http://masm.araku.ac.ir/
https://10.0.239.2/masm.4.1.1
https://10.0.239.2/masm.4.1.1

The Effect of porosity distribution on the free vibration of tapered nanocomposite sandwich beam 2

[14] proposed a nonlocal integrated strain gradient model to investigate the bending behavior of FG porous beams
at micro/nanoscales, considering the influence of beam thickness. M. Derikvand et al. [16] investigated the
buckling behavior of FG porous sandwich beams using a differential transformation method. A. AlNujaidi et al.
[17] utilized a finite element method to analyze the forced vibration of a thick FG porous beam, employing a 12-
node plate element to study its dynamic behavior. N.D. Nguyen et al. [18] proposed a novel beam deformation
theory to analyze the buckling, vibration, and bending behavior of FG porous beams.

Based on the literature review, it has been identified that the vibrational behavior of sandwich beams with
porous cores and nanocomposite layers has not been studied. Additionally, modeling the porous core with variable
porosity is another novelty of this research. In this study, a beam with nanocomposite layers and a porous core
with variable porosity is mathematically modeled, and then the differential quadrature method (DQM) is used to
solve the governing equations. Ultimately, the effects of porosity and engineering parameters on the vibrational
behavior of the beam are investigated. The advantage of using DQM is its ability to model variable beam porosity
at any desired cross-section without requiring a specific function for this purpose, facilitating the optimization
process for achieving the desired vibrational response in future studies.

2. Mathematical modeling

Figure 1 depicts a sandwich beam with length L, initial core thickness h,, final core thickness k., and face
thickness h. Additionally, the discretization scheme of the beam, intended for use in the differential quadrature
method, has been presented schematically. According to Equation 1, the core thickness of the beam varies linearly
along its length, while its width remains constant. Consequently, the cross-sectional area of the core changes
linearly and its second moment of inertia varies with a degree of 3 along the beam's length.

Figure 1. Geometrical parameters of integrated and discretized sandwich beam

he( =he[1-c(1-7)] + 2= ®

According to Figure 2, three types of pore distributions are considered along the thickness of the aluminum
porous core for the sandwich beam. These types include: Type U, featuring a uniform pore distribution across the
thickness; Type X, characterized by a non-uniform but symmetrical distribution relative to the core's mid-plane,
where pores become smaller as they get closer to the mid-plane; and Type O, which has a symmetrical distribution,
but the pores become smaller as they approach the mid-plane.
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Figure 2. Different types of porosity used in sandwich beam core

For example, the effective material properties for the Type U, such as Young's modulus E and mass density p,
are estimated using Equation 2. It is assumed that the core's Poisson's ratio remains constant [19].

{E%U = Emax[1 = NcA]

* 2
pry = Pmax[1 — pea] @
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The sandwich beam faces are composed of a nanocomposite material, wherein single-walled carbon nanotubes
(SWCNTSs) are uniformly distributed within a methyl methacrylate matrix. According to the rule of mixtures, the
mechanical properties of these faces can be obtained.

2.1 Structural equations and strain- displacement relation

According to Timoshenko beam theory, the displacements at any point along the beam in the x and z
directions, represented by the parameters u(x,z,t) and w(x,y,t), can be expressed as follows:

u(x, z,t) = ug(x, t) + zp(x, t) @
w(x,y, t) = wo(x,t)

In the aforementioned equations, u, and w, represent the displacement components at the reference surface
of the beam, while y denotes the normal slope of the beam's cross-section with respect to the x-axis and time t.
Consequently, the linear normal strain &, and the shear strain y,, can be expressed in terms of the displacement
field components as follows:

_dug dy
Ex = E ZE (4)
dw,
Vxz = W +y

According to Hooke's law and assuming the beam is symmetrical with respect to the reference plane, the stress-
strain relationships for different layers of the sandwich beam can be expressed as follows:

O'chc = Q{Cl(z)gx (5)
Talc{z = Qé‘s(Z)sz ; k=b,ct

Applying Hamilton's principle to the energy functions yields the differential equations of motion and the
associated boundary conditions.

t
6-]- (T-Mdt =0 (6)
0

Which the governing equations are as bellow:
aZU.Q aZU.Q 621/)
Mg =hge thye
aZWO 61/1 aZWO
KAss <—ax2 + 5) =1 el (1)

aWQ 62u0 621,[)
DHW‘KASS(W“”):’Z—W g

2.2 differential quadrature method (DQM)

The differential quadrature method (DQM) is a numerical approximation technique in which any continuous
function can be represented by a set of (N-1)th order polynomials over its entire domain. For instance, the partial
derivative of a function f(x) ata point x; can be expressed as follows [21]:

N
24
a]; (qx) o = Z c(.j, ) f (%) )

j=1
where N represents the number of grid points, and c(i, j, q) denotes the weighting coefficients associated with
the gth-order derivative.
2.3 Free vibration analysis

Considering the conservatism of the system and focusing on the analysis of free vibrations, the time-dependent
response will be harmonic. Consequently, the displacement field can be expressed as follows:

uy(x, t) = U(x)e it
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wo(x, t) = W(x)e i@t ©
P(x,t) = P(x)e et

Consequently, the equations of motion at the grid point i can be discretized as follows:

N
An() ) e(0),2U(5) = ~h (Do) = LD ()
=1

N N
KAcc(x;) (Z c(i,j,2)W(x;) + Z c(i, j, 1)lp(x,-)> =L (x)w?W(x;) (10)
j=1 j=1
N N
Du() ) (i), 2% () = KAss () | ) c(if DW(5) + Wk | = =02V 0 = 5 () P(x)
j=1 j=1

As an example, for a cantilever sandwich beam (C-F), the boundary conditions are discretized using the DQ
method as follows:

Ulx)) =W(x) =¥W(x) =0

N
Ne(in) = Ana ) D eV, j, DU () = 0

j=1
N
M Gen) = DiyCin) ) e(N,j, D¥(x7) = 0 1)
=1
N
Q) = KAssCin) | D c,j, DW (35) +W(a) | = 0
=1

To simplify the application of the DQ method, the displacement vectors related to the boundary conditions
{b}and the domain {d} are arranged. With this definition, the 3(N-2) equations of motion pertaining to the domain
and the 6 boundary condition equations can be collectively rewritten in the following matrix form:

[Saal{d} + [Sqp){b} — w?[M]{d} = 0 w2
[Spal{d} + [Sppl{b} =0

By eliminating the boundary vactor {b} from the two equations, the standard form of the eigenvalue problem
can be obtained as follows:

(K] = w?[MD{d} = 0 ; [K] = [Saal = [San][Sps] " [Spal 13)

Finally, the eigenvalues of the matrix product [M]~1[K] represent the natural frequencies of the system.

3. Results and discussion

To validate the accuracy of the modeling and solution method, a comparison between the results obtained from
the present method and those available in the research literature is conducted in Table 1. This comparative analysis
serves to confirm the effectiveness and reliability of the proposed approach in capturing the vibrational behavior
of sandwich beams with porous cores.

Table 1. Comparison of dimensionless frequency parameter f = wL,/1;,/A, 0f nanocomposite beam reinforced with nanotube

(L/h=10)
Uniform distribution of nanotubes X-shaped symmetric distribution Vi =042
Present study Ref [20] Ref [22] Present study Ref [20] Ref [23] cnt )
1.2552 1.2581 1.2576 1.3817 1.3859 1.3852 SS-SS
1.4514 1.4565 1.4556 1.5332 1.5394 1.5385 C-SS
1.6622 1.6691 1.6678 1.7162 1.7242 1.7230 C-C

Table 2 illustrates the influence of the porosity coefficient on the natural frequency of a cantilever sandwich
beam with various Porosity distributions. As the porosity coefficient increases in the X-type configuration, the
natural frequency also increases due to the beam's increased stiffness at sections farther away from the reference
surface. A reverse trend is observed for the porosity coefficient in type O, which is attributed to the increased
concentration of pores at sections farther from the reference surface, resulting in reduced beam stiffness.
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Table 2: Effect of porosity coefficient and types of porosity distribution on the first 5 natural frequencies of a cantilever beam

beams (L=2 m, hs=1 mm, hp=3 mm, he=1 mm, Nx=1)

Porosity types

Mode No. distribution Ne
1 2 3 4 5

3.237 8.901 17.430 28.800 43.027 type U
3.279 9.014 17.652 29.166 43574 type X 0.2
3.205 8.812 17.257 28515 42,601 type O
3.208 8.873 17.375 28.708 42.888 type U
3.351 9.212 18.038 29.803 44525 type X 05
3.143 8.641 16.921 27.958 41.770 type O
3.250 8.934 17.493 28.901 43175 type U
3.510 9.647 18.887 31.204 46,614 type X 0.8
3.103 8.531 16.706 27.602 41.037 type O

Figure 3 depicts the effect of the porosity coefficient on the first, third, and fifth natural frequencies of a
cantilever sandwich beam for various porosity distributions. As the porosity coefficient increases, the beam's
frequency also increases for the X-shaped distribution, with a more pronounced effect observed at higher ratios.
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Figure 3. Natural frequency variations of a cantilever beam in a) first, b) third and c) fifth modes according to the porosity

coefficient for different types of porosity distributions(L=2 m, h==1 mm, hp=4 mm, he=1mm)

4. Conclusion

In this study, the vibration analysis of a porous aluminum foam core sandwich beam reinforced with
nanocomposite layers containing carbon nanofibers of varying core thicknesses was investigated. In summary, the
following key findings can be drawn from this research:

The differential quadrature method (DQM) proved effective and demonstrated good agreement in
modeling and solving the vibration problem of sandwich beams with varying cross-sectional areas.

As the porosity coefficient increases, the frequency of the sandwich beam with X-shaped and O-shaped
porosity distributions increases and decreases, respectively. However, for the uniform porosity
distribution, an initial decrease is observed, followed by an increase in frequency.

As the beam length increases, the influence of the porosity distribution on the sandwich beam becomes
negligible.

For sandwich beams with varying cross-sectional areas but constant weight, the configuration with the

lowest height at the clamped end and the highest height at the free end, with a simple support, exhibits
the highest frequency compared to other configurations.
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