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In this study, an analytical solution has been developed to examine the mechanical behavior of an
incompressible functionally graded hyperelastic cylinder subjected to simultaneous extension and
torsion. The recently proposed exp-exp strain energy density is employed to predict the behavior
of hyperelastic material, and its related material parameters are assumed to vary along the radial
direction in an exponential fashion. Finite element analysis is conducted by preparing a user-
defined UHYPER subroutine in ABAQUS to evaluate the proposed analytical solutions. FEM
results and those of the analytical solution are in good agreement for various stretches and twists
and reveal that the form of stress distributions and the maximum stress depend on the exponential
power in the material variation function. In contrast to axial stretch, the effect of twist on the
distribution of longitudinal stress is more complicated, and for large twists, two extrema in the
stress distribution plot are observed, which move toward the center and outer surface of the
cylinder on further twisting. Moreover, the longitudinal stress controls the variation of von-Mises
and strain energy density throughout the radial direction. Additionally, considering an axial
stretch, a point is identified where the axial force arising from torsion is compressive for stretches
below this value, and it brings about the cylinder to elongate under twisting. However, this part of
the total axial force varies from a tension state to a compression one for larger stretches, i.e., by
increasing the twist, the cylinder first tends to shorten and then elongates on further twisting.

Extended Abstract

1. Introduction

tretchable materials play the crucial role in the industrial applications including designing sensors and
actuators [1], soft microfluidic devices [2], microchannel of conductive liquid [3] and tissue engineering
[4]. Regarding the vast application of stretchable materials such as elastomers, rubber-like materials and
hydrogels, these materials have been studied in numerous problems [5-8]. Specifically, the problem of extension-
torsion and its preliminary discussions for nonlinear elastic material has been firstly presented by Rivlin [9, 10].
While, the multifarious applications of hyperelastic materials in addition to the similar response of these materials
in comparison with soft biological tissues draw a great deal of researchers’ attention. Besides, the problem of
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Extension-torsion is known as a vital practical experimental method to identify the mechanical response of soft
biological tissue, i.e., papillary muscles which are located in the heart [11, 12].

However, despite the numerous researches in linear elasticity of FGMs, a few studies on the mechanical
behaviour of hyperelastic FGMs are available, and more importantly, the combined extension and torsion loading
of FG rubber-like materials still appears to be lacking. Hence, in the present study, the extension and torsion which
is crucially important to be used in soft biological tissues are studied for an FG circular cylinder composed of
nonlinear incompressible isotropic material. The invariant-based exp-exp energy density function proposed by
Mansouri et al. [23] is utilized due to its mathematical simplicity, stability of the model while considering first and
second strain invariants, and the conformity of the models results and experimental data. Furthermore, the finite
element analysis is included in the present investigation to verify the proposed analytical solutions by developing
a user-defined subroutine (UHYPER) in ABAQUS. This FE analysis is included in the present investigation to
verify the proposed analytical solutions by developing an ABAQUS user material subroutine, UHYPER.

2. Extension-torsion of cylinder composed of hyperelastic material

In nonlinear elasticity, the mechanical characteristics of hyperelastic materials are defined by introduction of
strain energy density functions W. Furthermore, considering F as the deformation gradient, the preliminary
frameworks of nonlinear elasticity is defined. The left Cauchy-Green tensor is determined as B = FFT. Assuming
the invariant-based strain energy, a hyperelastic constitutive law can be defined as:

ow
S=2-~ 1)

in which, tensor S stands for second Piola-Kirchhoff stress. Assuming J = det( F), we have:

0w

%= T 2

Reminding that the modified material parameters for FGMs introduced in equationn (17) varies in the radial
direction, hence, the material parameters considered in this paper are assumed to alter along the radial direction in
an exponential fashion as follows:

exp(k(R—Ry)) — 1
exp(k) — 1
(R - Rin)
(Rout - Rin)

X(R) =Xip + (xout - xin) fOT‘ k+0
3)
x(R) =Xip t+ (xout - xin) fOT‘ k=0
where & stands for any material parameters and subscript in, and out denotes the parameters correspondent
with the materials at the centre and outer surface of the cylinder, respectively.

Henceforth, we further investigate the influences of torsion on the generated total axial force of hyperelastic
cylinder. Assuming N,y (y,) stands for the amount of axial force generated by axial stretch y,in the absence of
torsional twist (t = 0), N (y,, 7)is the portion of axial force created by the applied torsional twist. Thus, the total
axial force generated by the external extension-torsion loading is defined as:

N = Ny(yo) + Nr(yo,7) 4)

Considering the amount of axial load generated by specified stretch, the portion of axial force induced from
the external torsional twist looks to be crucially important to specify the direction and magnitude of the resultant
total longitudinal force. Examining the variation of contribution of axial force arising from torsion, the derivative
of the longitudinal force of hyperelastic cylinder with respect to the applied torsional twist is studied. Utilizing the
exp-exp strain energy function and equation (15), the torsional moment generated in cylinder and also total axial
force are calculated as:

Rout
| -2re? fR (G4 Rymy (R)e™i O 2y 472R*=3)) g

N = Zﬂfo +2(p2% - )/_1),4;(R)m;(R)em;(R)(Y2+2Y_1+Y‘r2R2—3) dR. ©)

2@y — y—z _ TZRZ)B;(R)n;(R)en’{(R)(Zy+y'2+T2RZ—3)
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3. Finite Element Model

Taking into account that FE analysis for the problem of extension-torsion of circular cylinder composed of
FG materials has not been carried out before, a 3-dimensional FE modelling is generated in the present study to
verify the proposed analytical solutions. A user-defined UHYPER subroutine is written to be utilized for defining
the strain energy function and its pertained material parameters. The 3D model is divided into several subsections
through the radial direction as layers, where a set of constant material parameters correspondent with the radial
position is assigned to each layer. Figure 1 depicts the schematics of 3D FE model with its mesh network using
3D stress element (C3D8H). The optimum number of layers for accurate and reliable FE analysis of extension-
torsion is discussed in the following section. Eensuring the convergence of the FE modeling, the mesh
independency is checked for various results.

4. Results and discussion

Applying the presented analytical solution to exp-exp constitutive model, the stress distribution and resultant
total axial force and moment for an FG hyperelastic cylinder subject to combined extension and torsion is
evaluated. In addition, the results of the FE analysis are used to evaluate the analytical solutions.

In the present study, the hyperelastic materials at the centre and outer surface of the FG cylinder are chosen to
be VHB 4905, and natural-rubber gum, respectively and their relevant material parameters of exp-exp model are
presented in Table 1 which are calculated using least squares regression approach [24].

Table 1. The exp-exp model parameters and initial shear modules of VHB 4905 and natural-rubber gum [23].

Utilized material Model parameters Initial shear modulusg,
A; = 0.240,m; = 0.024
VHB 4905 B, = 07991, = 0.049 0.375
natural-rubber gum 4y = 64.50,m, = 0.0031 1.257

B, = 304.0,n, = 0.000035

Parameter k controls the form and intensity of the material variation throughout the radial direction. Various
values of k are considered to study its effect on the stress distribution. For instance, the variation of Ajthroughout
the radial direction is illustrated in Figure 1. It is worth mentioning that the distribution of other material parameters
has a similar trend to that of A7.

70

Figure 1. Distribution of material parameter A7 throughout the radial direction considering various amount of k

Figure 3 (a) illustrates the variation of radial stress throughout the radius for y = 1.25,7=1 and k =0
considering different number of layers in FE modelling of FG cylinder. Obviously, rising the number of strips in
FGM modelling increases the accuracy and reliability of the results. However, considering the fact that increasing
the number of layers results in time-consuming computations, an optimum number of layers that guarantees a good
agreement with analytical results should be identified to reduce the computational cost. It is evident in Figure 3
that for 80 layers, an excellent agreement between the analytical solutions and FE analysis is achieved. In addition,
it is apparent that the radial stress begins from an extremum value appearing at the centre and becomes zero at the
outer surface which reflects the stress-free condition at outer radius R/R,,; = 1. The variation of the
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dimensionless hoop and longitudinal stress for y = 1.25, 7 = 1,k = 0 and various humber of layers are plotted in
Figure 3 (b and c), respectively. Similar to the radial stress, for 80 layers, the results are in a great agreement with
those of analytical calculations. Although the longitudinal stress is positive throughout the radial direction,
approaching the exterior surface from the central point of the cylinder, the hoop component of the stress coverts
from negative to positive.

5. Summary and Conclusion

In the present study, the mechanical behavior of an incompressible isotropic functionally graded hyperelastic
circular cylinder subjected to combined extension and torsion was investigated. The material was assumed to alter
exponentially through the radial direction. The VHB 4905 and natural-rubber gum were assigned as the materials
of the center and the outer surface of the cylinder, respectively. The exponential strain energy density was
employed in this paper due to the mathematical stability and simplicity and its great conformity with the
experimental observation during various loadings to predict the behavior of cylinder made of FG hyperelastic
material. Finite element analysis was conducted by developing an ABAQUS user-material UHYPER subroutine
to evaluate the presented analytical solutions. After identifying the optimum number of layers to model the FG
cylinder, a mesh independency study was conducted to achieve an accurate and reliable FE analysis. Results
revealed that the distribution of the stress and the location of maximum stress strongly depends on the exponential
power in material variation function. The radial, tangential and longitudinal stress distribution was evaluated for
different amounts of torsional twist and longitudinal stretch. The radial stress regardless of the value of the twist
or stretch starts from a maximum compressive value at the center and vanishes at the outer surface. Moreover,
independent from the magnitude of the twist or axial stretch, the hoop stress distribution plots intersect
approximately at R /R, = 0.53 where the hoop component of stress alters from the compressive value to tensile
one. Although increasing the axial stretch had no effect on the location of the maximum longitudinal stress, a
different scenario was observed for the effect of the twist. For T = 1 the maximum longitudinal stress took place
approximately at R/R,,; = 0.5, while on further twisting two extrema appeared in the stress distribution plot
which moved toward the center and outer surface of the hyperelastic cylinder. Moreover, the longitudinal stress
dominated the form of the variation and value of the von-mises and strain energy density throughout the radial
direction. For negative k's, the variation of the total moment and axial force was relatively smooth while for
positive amounts of k, the rate of variation was intensified. Moreover, the total force, generated in the longitudinal
direction, altered from an initial tensile to a final compressive one due to the effect of torsion. However, a specific
alteration point was obtained for the axial stretch, where dN/dt = 0. Therefore, for vy < yauteration, the
contribution of axial force arising from torsion, N was always compressive which implies that the length of the
cylinder always tends to elongate when the external twist applies while for the stretches larger than the alteration
valuey > Yuiteration, Ny changes from the tensile to compressive, i.e. the cylinder begins to shorten and then
elongate by increasing the torsional twist.
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