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KEYWORDS ABSTRACT

Non-uniform beam In this research, the frequency characteristic equation for some non-uniform and homogeneous
Inhomogeneous beam beams based on Euler-Bernoulli beam theory is presented in closed analytical form. At both ends,
Free vibration the beam carries objects with deviations from the center, mass moment of inertia and linear and
Exact solution rotational elastic constraints. Therefore, the closed analytical characteristic equation has the ability

to provide frequency parameters for a wide range of non-classical boundary conditions. Solving
the governing differential equation and applying boundary conditions leads to the solution of an
eigenvalue problem. Since the beam is non-uniform, the exact solution of the governing
differential equation depends on finding a closed analytical solution for the beam deflection.
Therefore, a limited type of non-uniform beams can be accurately solved. In order to verify the
validity and accuracy of the presented relationships, the results of the method presented in this
research have been compared with the existing results for uniform beams. Also, the mode shapes
of the deflection are given for a beam sample.

Extended Abstract

1. Introduction

applications, such as in structural systems, automobile frames, and aircraft components. These structures are typically

non-uniform and non-homogeneous beams. Hence, laminated composite beams and axially functionally graded beams
due to their special characteristics, such as high stiffness and thermal resistance have been widely used in many fields of
engineering such as in turbine blades, airplane wings and other mechanical structures. Many researches have been conducted
to investigate the behavior of free vibrations of all types of beams in terms of type of material, type of boundary conditions,
and type of cross section. The studies related to them can be classified into four groups: 1: homogeneous beams with classical
boundary conditions, 2: homogeneous beams with non-classical boundary conditions, 3: functionally graded beams or
inhomogeneous with classical boundary conditions, 4: functionally graded beams or inhomogeneous with non-classical
boundary conditions. In the following, the literature of the subject will be reviewed according to the mentioned groups. The
first group: Abrate [1] presented exact solutions to a new class of tapered rods and beams by showing that for some non-uniform
rods and beams the equation of motion can be transformed into equation of motion for uniform rod or beam. Zhou and Cheung

Beam-type structures have been widely used in practice in civil, mechanical, automotive, and aerospace engineering
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[2] considered the transverse vibration of truncated taper beams with variable rectangular cross-section using the Rayleigh-
Ritz method. More accurate solution to explore the free vibration characteristic of tapered Euler-Bernoulli beams have been
presented by Lee and Lee [3] using Differential Transformation and Frobenius methods. Kim et al. [4] developed a state-vector
equation method (SVEM)-based spectral element method (SEM) to study axial vibration of non-uniform rods, and transverse
vibration of beams modeled according to both Euler-Bernoulli and Timoshenko theories. The second group: Lai et.al. [5]
investigated the free vibration of non-uniform and homogeneous beam with non-classical boundary condition by using the
Modified Adomian Decomposition Method. Using a power series expansion for the roots of the characteristic equation, the
natural frequencies of a cantilevered Euler—Bernoulli beam with an end rigid mass are computed by Lajimi and Heppler [6].
Transverse vibration of free—free slender beams carrying two tip masses investigated by Shi et.al.[7]. An exact frequency
equation is derived and the natural frequencies are calculated. Fernandes et.al.[8] studied the transverse vibrations of uniform
Euller-Bernoulli beam with non-classical boundary conditions. Malaeke and Moeenfard [9] studied large amplitude flexural-
extensional free vibration of non-uniform vertical cantilever beam carrying an axially and transversely eccentric tip mass with
rotary inertia. Celik [10] used Chebyshev Wavelet Collocation Method to consider vibration of non-uniform beams with various
boundary conditions and with flexible end conditions. Ghannadiasl et al. [11] studied the elastically restrained non-uniform
beam modeled based on the Euler-Bernoulli theory using a Laguerre collocation method. The third group: Huang and Li [12]
presented a novel approach based on transforming the differential equation of motion for transverse vibration of non-uniform
Euler-Bernoulli beams into a Freed Holm integral equation. Liu et al. [13] developed new simple models to study the free
vibrations of axially FG tapered Euler-Bernoulli beams by using Spline Finite Point Method (SFPM). A simple and new model
for free vibrational analysis of functionally graded beams by using Lagrange equation and modified Spectral Chebyshev method
have been given by Zhao et al. [14]. Cao et al. [15] applied the asymptotic perturbation approach (APA) to obtain analytical
expression for the free vibration analysis of non-uniform and non-homogenous beams with different boundary conditions. The
free vibration analysis of FG non-uniform beam with an edge cracked investigated by Shabani and Cunedioglu [16]. They used
the Timoshenko beam theory for the finite element analysis and modeled the cantilever beam by 50 layers of material. Sahu et
al. [17] introduced a generalized finite element approach to investigate the free vibration of an axially FG non-uniform beam.
Material inhomogeneity assumed to vary according to the power and exponential law. The Forth group: Hein and Feklistova
[18] studied vibration of non-uniform and functionally graded Euler-Bernoulli beams using Haar wavelet method Using the
Spectra-Geometric. Sari and Al-Dahidi [19] used the Chebyshev spectral collocation method to consider the free vibration
behavior of FG non-uniform multiple beams. They assumed that the beams are joined by elastic translational springs, and the
properties of the beams vary along the axial direction. Using the Spectra-Geometric Method Li et al. [20] studied the free
vibration of FG arbitrarily non-uniform beam. They expanded the cross-section area and second moment of area of the beam
into Fourier cosine series to consider any beam with variable cross section. A review on literature reveals that, despite of the
many methods implemented to solve the vibrations of non-uniform and inhomogeneous beams by a large number of
researchers, a little attention has been made to present the frequency characteristic equation and its resulted corresponding
mode shape analytically. The aim of this article, is to present closed analytical form of the frequency characteristic equation to
obtain the frequency parameters and the mode shape for a special class of non-uniform and inhomogeneous beams with general
non-classical boundary conditions at both ends. In this regard, the related coefficients to solve eigenvalues and eigenvector for
beams as follow are presented and tabulated. a: General boundary conditions at both end, b: General boundary conditions at
one end and classical boundary conditions at the other end and c: Classical boundary conditions at both ends.

2. Theoretical formulation

As shown in Figure 1, Consider a non-uniform beam system subjected to distributed external force p = p(x.t) withanon-
concentrated end masses M; and mass moment of inertias /,; about the ends of the beam. The center of gravity of masse shown
by G; do not coincide with the points of attachment and are located at a distance e; from the points of attachment. The beam
is elastically supported with the translational and rotational spring stiffnesses K ; and Kp; at both ends respectively. The axial
coordinate of the beam, the cross-sectional area, modulus of elasticity, cross sectional moment of inertia, mass density, and
length of the non-uniform beam are denoted by x, A(x), E(x), 1(x), p(x) and L, respectively. Using Hamilton's principle,

Krp iKTR
Mo]X9 % Z

Figure 1. Schematic of non-uniform beam with elastically restrained ends and with off-set tip masses
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Using Hamilton's principle, the governing differential equation of motion and the boundary condition according to the
previous work of authors [21] may be written as:

& ) o L @)
m(ﬂ(x) X2 >_54U(X)W(X)—m=0

205 o 35 ~
ddv;/((ZO) i1 de})((O) + G, w(0) =0, dd‘,;(g()) s, dv;)(;)) + Gy w(0) =0,
2w . dw() d3w@1) . dw() . )

PYE + G3g X + GarW(1) = 0, PYE 3R X + G4rw(1) =0

where
D(X) m(X) w?L* m(0) 3
.U(X)Zm: 77(X)=m(0): ﬁ4= D(O)
Also
61L = B4jOL - I?RL' GZL == 34MLéLn 63L = YO(RRL - B4j0L) + MLéLﬁ4: 4

G:4—L = ﬂ41‘71L()foéL _,\1) + RTLrA élR = I?RR - /1@4]1)}2: GZR = _AA ﬁ4MRéR ’

Gsr = AB*(Vior + Mrég) — YKgr, Gar = AB*Mp(yég + 1) — Krp
In Egs.3 D(x) = E(x)I(x) , m(x) = p(x)A(x) and B are flexural rigidity, mass per unit length and frequency parameter.
The dimensionless parameters in Eq.4 are also as follow:

g = M e g o Jup oo Knll | D'(O) ©)
LomL T T n@r TR T Doy T Do) YT Doy
. = Mg o =R Jor = Jor ~ _LKgp - Kpgl?  D'(1) . D(0)
RZ L RTT7R T moE ") T Ddm . YT o T
Assuming now the height and breath of the beam as well its material properties to be given according to Eq.6
h(X) = hy(1 + aX)P. b(X) = by(1 + aX)19, (6)
p(X) =po(1+aX)™ E(X) = Eo(1 + aX)"
In this case, if
3p+tq+r=n+p+q=+4 @)
Is selected, the solution of differential equation 1 can be presented in closed an analytical form according to Eq.8.
S1sin fX +5, cos fX + S3 sinh fX + S, cosh fX (8)

W) = (1 + aXx)?

By using Eq.7 and choosing any desired value for r and n, it is possible to define numerous beams with different dimensions
and materials. In Table 1, the specifications of several examples of these beams are given.

Table 1. Geometrical and material characteristics of some examples of beams with accurate solution

Beam E(X) p(X) h(X) b(X)

1 E,(1 + aX) po(1 + aX)? ho(1 + aX)/? bo(1 + aX)3/?
2 Eo(1 4 aX)? po(1+ aX) ho(1 4 ax)~1/2 bo(1 + aX)™/?
3 Ey(1+ aX) po(1+ aX) hg bo(1 + aX)®

4 E, po(1 + aX) ho(1 + aX)/? bo(1 + aX)5/?
5 Ey(1 + aX) Po ho(1 + aX)~1/? bo(1 + aX)®/?
6 E, Do hy bo(1 + aX)*
7 Eo(1+aX)™? po(1 + aX)? ho(1 + aX)? by

8 E,(1 +aX)™* Do ho(1 + aX)? bo(1 + aX)?

9 E, po(1 + aX)? ho(1 4+ aX) by(1 + aX)

3- Accurate frequency characteristic equation with general boundary conditions at both ends
By using Eq.8 and calculating its first to third order derivatives with respect to X and then substituting in Egs.2 we have:
ﬁ(G].L - 4’(1)51 + (62L - ﬂz - ZélLa + 6“2)52 + ﬂ(G\lL - 4’“)53 + (GZL + ﬂz - ZélLa + 6“2)54 = 0, (9-a)

B(Gsy, + 18a? — B2)S; + (G4, + 6af? — 2Gs a — 24a°)S, + B(Gay, + 18a? + f2)S, (9-b)
+ (Gyy — 6ap? — 2G3a — 24a3)S, = 0,
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[G(Gir — 4a + Gyga)B cos B + (G2 Gag — 2GGiga + 6a* — G2f?) sin B]S, (9-c)
+[(G?Gag — 2GGyga + 6a% — G?B?) cos B — G(Gyg — 4a + Gyra)p sin B]S,
+ [G(Gir — 4a + Gyra)p cosh B + (G2Gor — 2GGipa + 6a? + G2%) sinh ]S,
+[(G?Gag — 2GGiga + 6a + G??) cosh B + G(Gyg — 4a + Giga)B sinh B]S, = 0,

[(G3Gyr — 2aG2Gsg + 6aB2G? — 24a®) sin f + BG(G2G3g — B2G? + 18a?) cos BS; (9-d)
+ [(G3G4r — 2aG2Gag + 6aBp?G? — 24a8) cos p — BG(G2Gag — B2G? + 18a?) sin B]S,
+[(G3Gyg — 2aG?G3g — 6af?G? — 24a®) sinh p
+ BG(G?Gag + B2G?* + 18a?) cosh B]S;
+[(G3Gyg — 2aG?Gsg — 6af2G? — 24a®) cosh B
+ BG(G%Gsg + B2G? + 18a?) sinh B]S, = 0

where in Egs. 9-c and 9-d, G = 1 + a. Rewriting Egs. 9-c to 9-d in matrix form leads to:

€11 €12 €G3 €1 (S1 0 (10)
C21 Caz Ca3 €24 )52 _J0
C31 €32 (33 C31])S; 0
Ca1 Ca2 C43 Cgqld \§, 0

where c;; coefficients for the general boundary conditions at the left and right ends are given in Tables 2 and 3, respectively.

Table 2. ¢;; coefficients for general boundary conditions at the left end

c i=1, j=1,.4 cy i=2, j=1,.4

11 B(Gy, — 4a) Co1 B(Gs, + 18a* — p?)

C1z Gy — B%—2G o + 6a° C Gy + 6aB? — 26y a0 — 24a°
€13 B(G,, — 4a) €23 B(Gs, + 18a% + B2)

Cia Gop + 8% — 26, a + 6a? Co4 Gy — 6aB? — 26 a — 2403

Table 3. ¢;; coefficients for general boundary conditions at the right end

Cij |=3,]=1,4 Cij |=4,]=1,4

C31 (Ts — G*B*) sin B + T,Gp cos B Cay (T; + 6aG*B?) sin B + GB(Tg — G*B?) cos B

C3p (T — G*B*) cos B — T,GB sin B Cap (T; + 6aG*B?) cos B — GB(Ty — G*B*)sin B

C33 (Ts + G*B?%) sinh B + T,GB cosh B C43 (T, — 6aG*B?) sinh B + GB (T + G*B?%) cosh B

C34 (Ts + G*B?%) cosh B + T,GB sinh B Caq (T, — 6aG*B?) cosh B + GB(Tg + G*?) sinh B

Ts = G%Gyp — 2GGipa + 6a?, (11)
Ts = GGy — 4a,

T, = G3Gup — 2aG? Gap — 2403,
Tg = G?G3p + 18a?

To seek a non-trivial solution for ¢;; (i =1 —4),and (j = 1 — 4), the determinant of coefficient matrix in Eq. (10) should
vanish. Hence it can be written

C11R1 + C12R2 + C13R3 + C14R4 =0 (12)
where

Ry = —C24C33C42 + €23C34C42 + €24C32C43 — €22C34C43 — C23C32Caq + C22C33C44, (13-a)

Ry = €34C33C41 — C23C34C41 — C24C31C43 + C21C34C43 F C23C31C44 — C21C33C44, (13-b)

Ry = —€34C35C41 + €25C34Ca1 + C24C31Cap — €21C34Ca2 — C22C31Cas T C21C32C44, (13-c)
and

Ry = €23€32€41 — €22C33C41 — €23C31Cap + C21C33Cap + C22C31Ca3 — C21C32Ca3 (13-d)

Using matrix equation 10 and determining the coefficients of S,, S5 and S, in terms of S; .As a result Eq.8 may be expressed
as:

S1
R, (1 + aX)?

(14)

wX) = (Ry sin BX +R, cos BX + Rz sinh BX + R, cosh fX)

4- Validation

Validation of results may be examined by substituting 0=0 in related tables for uniform beam with classical boundary conditions
at both ends. Thus, we get:
1—cosfcoshf =0, (15)

Mechanics of Advanced and Smart Materials Journal 3(1) (2023) 1 - 20
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Clamped-Simply

cosh fsinff — cos B sinhf =0, (16)
Clamped-Guided

coshfsinf + cosffsinhf =0, 17)
Clamped-Free

coshfBcosf+1=0, (18)
Simply-Simply

sinfsinhf =0, (19)
Simply-Guided

coshfcosff =0, (20)
Simply-Free

cos B sinh B —coshBsinf =0, (21)
Guided-Guided

sinfsinhf =0, (22)
Guided-Free

coshfsinf + cosfsinhf =0, (23)
Free-Free

1—cosfcoshff =0 (24)

These equations are closed analytical form of frequency characteristic equation for uniform beam with classical boundary
conditions, which are given in many text books such as [21]. Therefore, the accuracy of the results is confirmed in this way.

5. Conclusion

1- Solution of the differential equation governing the transverse vibrations of non-uniform and inhomogeneous Euler-Bernoulli
beams for a class of beams whose dimensions and material properties follows equation (6), was presented in closed analytical
form.

2- Since the general non-classical boundary conditions, including objects with mass moment of inertia, eccentricity and
elastically constraints at both ends have been considered. Therefore, it is possible to study the transverse vibration of beams
with various boundary conditions.

3- In order to solve the related eigenvalue and eigenvector problems, coefficients of ¢;; for beams with a: General boundary
conditions at both end, b: General boundary conditions at one end and classical boundary conditions at the other end and c:
Classical boundary conditions at both ends have been given.

4- The exact frequency characteristic equations of non-uniform beams, which are distinguished from each other according to
the choice of the dimensionless parameter a, have been presented in closed analytical form for some classical boundary
conditions at the end of the beam. These equations for the uniform beam are converted into known equations by substituting
the zero value for o, which are used to validate the results.
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4a(12a* + p* — 4M, aB*)
+ cosh B {—4a[12a* + p* + 2(1 — 2M,)ap*] cos B
+ B[36a* — 12a° — 1232 + B* + af* + 4a?(B? + M,*)] sin B} )
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