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KEYWORDS ABSTRACT

Surface effect, In this paper, buckling analysis of functionally graded rectangular Nano-plates considering
Buckling, the surface effect is investigated. Also, to define the material properties the Mori-Tanaka
Functionally graded Nano- scheme is used which according to this scheme the material properties change continuously
plate, along the thickness direction. Displacement field is obtained using modified shear
Surface elasticity theory, deformation theories. In these theories, against classical plate theory, the effects of rotary
Nonlocal elasticity theory. inertia and transverse shear deformations are considered and various functions such as

exponential, trigonometric, hyperbolic and parabolic functions are used to considering these
effects along the thickness direction. To considering nonlocal and surface effects the
nonlocal elasticity theory and surface elasticity theory are employed respectively. The
governing equations of motion are obtained by Hamilton’s principle and the Galerkin
method is used to solve these equations. To show the accuracy of the present formulations,
the presented results in this thesis are compared with those reported in the literature.
Finally, the effects of various parameters which is related to the surface parameters such as
residual surface stress, surface elasticity constant and also other parameters such as
thickness ratio, aspect ratio, material index and nonlocal parameter of functionally graded
nano-plate are investigated.

Extended Abstract

1. Introduction

unctionally Graded Materials (FGMSs) are a new class of composites materials that are typically a mixture

of metals and ceramics in which the material properties vary continuously along the thickness direction.

Inevitably, the resultant materials show a superior performance compared to the conventional composites,
because of high-temperature resistance and mitigation of the thermal stress concentration. This features of the
FGMs were caused the various applications such as thermal insulation. But in the recent years, the applications of
FGMs are developed and they are used in many devices such as nanosensors, nanoactuators and micro and nano
electromechanical systems (MEMS and NEMS). As a result, in the past few years, the mechanical properties of
micro and nanoscale FGM systems such as bending, vibration and buckling analysis of in various structures, such
as nanobeams, nanoshells and nanoplates, have been widely studied [6-9].

The impact of the surrounding environment on the atoms at the surface of structures is not the same as that of
the atoms in the bulk part of the structure. The level of the energy and properties of surface atoms are different
from those of bulk atoms as a result of friction, heat transfer, and external loads. As a result, the material properties
of surface atoms, such as Young’s modulus, Lamé constant and mass density may be different. For instance, when
you create or removethe bonds of the atoms on the surface of a structure, it causes the atoms on the surface to
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separate from each other, and this process releases energy. Some of this energy is used to create new connections
between atoms. As a result, the amount of energy in the structure will change compared to how it was before.
Consequently, the Surface energy is defined as an energy that is needed to make a new surface using atoms that
are already exist. So far, several studies on the effects of surface parameters on mechanical behaviors of systems
and structures [32-41] have been developed.

Surface effects play significant roles in the material properties of the structures at micro and nanoscale, which
is attributed to high ratio of the surface to the bulk atoms, compared to large-scale structures. Therefore, the surface
effects should be considered in the analysis of micro and nanoscale structures. Since the surface effects are ignored
in the conventional elasticity theories, an improved theory, called surface elasticity theory, was proposed by Gurtin
and Murdoch [30, 31] to capture the surface effects. This theory has been widely employed to analyze dynamic
behavior of the nanostructures. Raghu et al. [36] analyzed the effects of surface stress on the bending and vibration
of laminated composite plates. They utilized the surface elasticity theory proposed by Gurtin and Murdoch. Attia
[38] used surface elasticity theory to bending, buckling and free vibration of simply supported FG microbeams,
based on the couple stress and Euler—Bernoulli beam theories. Nonlinear vibrations of laminated nanoplates,
considering the surface and interface components of energy, were investigated by Wang et al [35].

2. Mathematical Formulation

A functionally graded (FG) rectangular nanoplate is made of three layers, a core tha is made of FG materials,
and two thin surface layers, as shown in Figure 1. The length, width and thickness of the plate are a, b and h,
respectively. Due to the relatively small thicknesses of the face surface layers compared to the core layer, the
thicknesses of the surface layers in coparision to core layer is assumed to be negligible. Also, S* and S~ refer to
the top and bottom surfaces.
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Figure 1. Schematic of the sandwich rectangular FG nanoplate

The Mori-Tanaka model [42] is used to define the material properties of FG plate of the core layer. Based on
this model the variations of the Young’s modulus, Poisson’s ratio and mass density can be defined as Equation 1

[42].

_ 9K(2)G(2)
E@D =3k m+cm
3K (2)+26(2) @)
v(z) =

6K((2)+2G(2)

p(2) = pVe + pmVnm
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2.1. Displacement and constitutive relations

The modified shear deformation theories are employed to define the displacement relations. These theories are
Exponential Shear Deformation Theory (ESDT), the Trigonometric Shear Deformation Theory (TSDT), the
Hyperbolic Shear Deformation Theory (HSDT) and the Parabolic Shear Deformation Theory (PSDT). Based on
these theories, displacement relations can be expressed as:

w(x,y,t)

4 f(@ (7, )

u(x,y,z,t) =uy(x,y,t) —z

ow(x,y,t)

ay T f@Yxy,t) @

v(x,¥,2,t) = vo(x,y,t) — z

w(x,y,z,t) =w(x,y,t)
Where, f(z) for each theory is presented in table 1.

Table 1. f(z) for each shear deformation theories

Theory f(2)

Exponential Shear Deformation Theory (ESDT) [13] 223"

. . . h = (mz
Trigonometric Shear Deformation Theory (TSDT) [14] —Sin (7)

T
Hyperbolic Shear Deformation Theory (HSDT) [15] hSin (%) — 2Cosh (%)

. . 5 522

Parabolic Shear Deformation Theory (PSDT) [16] z2\7 32

Now, using displacement relations the normal (&, &,,) and shear (&,,, &, €,,) strain components in the plate
domain can be defined as follows:

1
gj = E(ui,j + ;) 3

2.2. Constitutive equations

In this study, utilizing the Eringen’s nonlocal elasticity theory and the Gurtin-Murdoch surface elasticity theory
are employed to express the stress fields in the plate domain. Based on the nonlocal elasticity theory and the Gurtin-
Murdoch surface elasticity theory, the constitutive equations of the core (indicated by the superscript b for bulk)
and two surface layers (indicated by the superscript s) can be expressed as:

(1 = Av*)af; = A&y, 8ij + 2uey;

(1 = @v®)af, = 2ue;;

(&)
(1 - IIVZ)O—L'S/' = Tsé‘ij + (AS + Ts)srrfsij + 2(#s - Ts)sij + TsUi,j
1- ﬂvz)aisz = TslUy,
2.3. Governing Equations of Motion
Using Hamilton’s principle, the governing equations of motion for the plate can be obtained.

t
f (6T + 6W — 8U)dt = 0 )
0

By calculating the strain energy and applying variations of the strain energy for the structure, the equilibrium
equations can be expressed as follow:

NG N NG

= 6
ax oy O ©)
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The present study employs the Galerkin method to discretize the governing equations of motion. The

admissible functions, representing the displacements u, v and w and rotations ¢ and i, which satisfy the simply
supported boundary conditions at the four edges, are expanded as follows

The the equilibrium equations of the structure are solved using Galerkin method. The trial functions,
representing the displacements u, v and w and rotations ¢ and vy, which satisfy the simply supported boundary
conditions at the four edges, are expanded as follows
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Introducing the trial functions (7) in the equilibrium equations (6) leads to the characteristic equation of
buckling, as follows:

(K1 = Ner[K, ) {8} = {0} ®)

3. Results and discussion

In this section, the presented results for effects of various parameter of surfaces on the buckling analysis of FG
nanoplate are shown in figures ang tables. It is assumed that the FG nanoplate is made of (Al/AL,05) and(Al/Si).
The properties of materials are tabulated in table 2.

Table 2. Material properties

Properties
Material
E(GPa) p(Kg/m?) v ps(Kg/m?) 7(N/m) As(N/m) ps(N/m)
Aluminum (Al) 70 2707 0.3 5.46 x 1077 0.9108 6.842 0.376
Alumina (Al,0,) 380 3800 03
Silicon (Si) 210 2331 0.3 3.17 x 1077 0.6048 -4.488 -2.774

3.1. Verification of model

Because there is no in the literature on the study about the dynamic characteristics of the FG nanoplates with
surface effect, in this section the surface effect in the developed model is initially ignored to compare the results
with those available in the literature
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Table 3. Camparision of Non-dimentional critical buckling load (N, = N.,.(a?/E,,h?*)) for nanoplate with simply
supported boundary condition for all edges (SSSS) under uniaxial loading (8, = -1,8, =0)

Material Index (g)

U “Un
Theory 0 1 2 5 10
0.5 5 RPT [44] 6.7203 3.4146 2.6451 2.1484 1.9213
HSDT [43] 6.714 3.39 2.61 2.124 1.90
ESDT [7] 6.7259 3.4188 2.6457 2.1446 1.9209
ESDT (Present) 6.72594 3.41881 2.6457 2.14464 1.92089
10 RPT [44] 7.405 3.71 2.88 2.41 2.18
HSDT [43] 7.397 3.70 2.87 2.40 2.18
ESDT [7] 7.4069 3.7118 2.8898 2.4152 2.1894
ESDT (Present) 7.40688 3.71175 2.88977 2.41516 2.18938

As it can be seen, there is a good agreement between the presented results in this research and those reported
in the literature.

3.2. The effect of surface parameters on the critical buckling load

Firstly, the comparision between considering and neglecting the effect of surface parameters are shown in
figures 2 and 3. The effect of different surface parameter such as surface residual stress, of surface elastic
constants (4, and ) and surface density on the the critical buckling load of FG nanoplate is presented. The
results are depicted in figures 4-7.

30 4w
. (8,=0,8,=-1) (B;=-1,B,="1)
K ——h/a=0.1 g, —=—h/a=0.1
E” ---=-- h/a=0.1 (Without surface effect) é --0-- h/a=0.1 (Without surface effect)
< 25 2
é ‘y N, é 20 - ‘Ji N,
(R Ny
‘T 20+ E
o 58Ss = 7 $SSS
: : IYYYYY S
o » B
g
£ 5
bS] _ _ <
§ o 220,22 e, T3 s ..
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Figure 2. Camparision of Non-dimentional critical buckling Figure 3. Camparision of Non-dimentional critical buckling
load (N, for FG nanoplate with and without considering load (N, for FG nanoplate with and without considering
surface under uniaxial loading (8, = 0,8, = —-1) surface under Biaxial loading (8; = 1,8, = -1)

Based on the results presented in figure 2 and 3 we can conclude that considering the surface effects lead to
decreasing the Non-dimentional critical buckling load. In fact, every material has different properties for surface
parameters that each parameter has particular effect on the critical buckling load but in this research based on the
properties that have been tabulated in table 1, the resultant effect of surface parameter leads to decreasing the
critical buckling load.

From figures 4 and 5 we can find that Non-dimentional critical buckling load decrease by increasing the surface
residual stress for pure ceramic side of the FG nanoplate (z,.). Similarly, increasing the surface residual stress for
pure ceramic side of the FG nanoplate (z.) lead to decreasing the Non-dimentional critical buckling load. In fact,
by increasing the surface residual stress the level of the strain energy will decrease and as a result the felexibility
of the FG nanoplate will increase. It is obvious that the critical buckling load will be dectrease when the FG
nanoplate is more flexible.

It can be seen from figure 6 and 7 that for a constant value for b/a, Non-dimentional critical buckling load has
a larger value when the A + 2p, is positive rather than negative values for A, + 2u,. Actualy, for positive values
of surface elastic constant, the level of the strain energy increase. Therefore, the plate becomes stiffer rather than
the situation that surface elastic constant have negative values.
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Figure 4. Effect of surface residual stress of pure ceramic side
on the Non-dimentional critical buckling load (N,,) for FG
nanoplate under uniaxial loading (8, = —1, B, = 0) considering
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Figure 6. Effect of surface elastic constants of pure metal side
on the Non-dimentional critical buckling load (N,,) for FG
nanoplate under biaxial loading (8, = —1, 8, = —1) considering
(g=1,pg=0,h/a=0.1,b/a=1)
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Figure 7. Effect of surface elastic constants of pure ceramic side
on the Non-dimentional critical buckling load (N,) for FG
nanoplate under biaxial loading (8; = —1, 8, = —1) considering
(g=1, =0 h/a=0.1,b/a=1)

In this paper the effects of various parameter of surfaces on the Functionally Graded Nanoplate are investigated.
It can be concluded from results that increasing the surface residual stress and choosing the negative values for
lead to decreasing the level of the strain energy. Therefore, critical buckling load will be decrease. Because of
thetype of the analys of buckling that is static analys, the kinetic energy will be zero. Thus, the density of the
sufaces doesn’t have any effects on the critical buckling load. If we want to conclude about overall effects of
surface parameters we shoud say that, considering the surface effects lead to decreasing the Non-dimentional
critical buckling load. In fact, every material has different properties for surface parameters that each parameter
has particular effect on the critical buckling load but in this research based on the properties that have been
tabulated in table 1, the resultant effect of surface parameter leads to decreasing the critical buckling load.
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2! Higher ordershear deformation theory (HSDT)
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