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Euler-Bernoulli beam, In this article, the free vibrations of non-uniform and inhomogeneous beams with the general non-
Cauchy’s formula, classical boundary conditions including offset masses at both ends of beam, mass moment of inertia,
Free vibration analysis. and rotational and translational flexible constraints are investigated. A review of related sources

shows that unlike many studies and various methods used to investigate the vibrations of non-
uniform and inhomogeneous beams, the presented methods do not often lead to a unique solution
for the beam with the general boundary conditions. Hence presented solutions cannot be used for
the other special cases. Therefore, the purpose of this paper is to present a new method based on the
application of the Cauchy’s formula for iterative integrals which according to the best of authors
knowledge has not been considered so far. By using this method and its related equations, it is
possible to analyze the vibrations of different types of homogeneous uniform, homogeneous non-
uniform, functionally graded uniform, and functionally graded none-uniform beams. The validation
of the obtained results for some of the studied configurations have been compared with the available
data reported in related studies and good agreement observed. Also parametric study has been
presented in order to investigate the effect of aspect ratio for wedge and tapered beams. To carry
out convergence test and other calculations throughout this article a code in Mathematica software
has been written.

Extended Abstract

1. Introduction

been presented. The studies related to them may be categorized to four groups namely: 1: Homogeneous

beams with classical boundary conditions, 2: Homogeneous beams with non-classical boundary conditions,
3: FG or inhomogeneous beams with classical boundary conditions and 4: FG or inhomogeneous beams with non-
classic boundary conditions. In what follows we carry out literature review according to the mentioned groups. 1st
group: Zhou and Cheung [1] studied the transverse vibration of uncompleted taper beams with variable rectangular
cross-section using the Rayleigh-Ritz method. Using differential transformation method (DTM) and Frobenius
integral, Lee and Lee [2] presented more accurate solution to investigate the free vibration of tapered Euler-
Bernoulli beams. Kim et al. [3] have developed a state-vector equation method (SVEM) based spectral element
method (SEM) to study axial vibration of non-uniform rods, and transverse vibration of beams modeled according
to both Euler-Bernoulli and Timoshenko theories. 2" group: Lai et al. [4] Lai et al [4] investigated the free

I he variety methods and approaches for computational and analytical analysis of non-uniform beams have
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vibration of Non-uniform and homogeneous beams with non classical boundary condition by using the modified
adomian decomposition method (MADM). Malik and Moeen Fard [5] have investigated the large-amplitude
flexural-tensile free vibration for a non-uniform vertical beam carrying a mass with eccentricity and rotational
inertia at the free end. The vibration of non-uniform beams with different boundary conditions and flexible ends
has studied by Selik [6] using the Chebyshev wavelet collocation method. The free vibration of beams with a non-
uniform cross-section and placed on a fixed and linear Winkler bed based on the Euler-Bernoulli beam theory and
using the Lager collocation method has been studied by Qanadiasl et al. [7]. 3 groups: A new approach based on
the transformation of the differential equation of transverse vibration of Euler-Bernoulli beams with non-uniform
cross-section to Fredholm integral equations has introduced by Huang and Lee [8] Liu et al. [9] have created new
simple models for studying the free vibrations of Euler-Bernoulli FG conical beams using the spline finite point
method. (SFPM). A simple and new method for modeling and analyzing the free vibrations of axial FG beams by
approximating displacements through high-order Chebyshev expansion and also discretizing the governing
differential equations by using the Lagrange equation and the modified Chebyshev spectral method is presented
by Zhou et al. [10]. Kao et al. [11] have used the asymptotic disturbance method to provide an analytical
relationship for investigating the free vibration of non-uniform and non-homogeneous beams with different
boundary conditions. The free vibration analysis of FG non-uniform beam with an edge cracked has investigated
by Shabani and Cunedioglu [12]. They have used the Timoshenko beam theory for the finite element analysis and
modeled the cantilever beam by 50 layers of material using the Spectra-Geometric method. Sahu et al. [13] have
introduced a generalized finite element approach to investigate the free vibration of an axially FG non-uniform
beam.4" group: Hein and Feklistova [14] investigated the vibration of non-uniform and functionally graded beams
with different boundary conditions and variable cross-sections based on the Euler-Bernoulli beam theory and the
Haar wavelet method. In this study, it is assumed that the characteristics of the cross section and the material are
variable in the axial direction. Based on the Euler-Bernoulli beam theory, Sari and Al-Dahidi [15] have used the
Chebyshev spectral collocation method to study the free vibration behavior of FG non-uniform multiple beams.
They assumed that the beams have joined by elastic translational springs, and the properties of the beams vary
along the axial direction. Using the Spectra-Geometric Method Li et al. [16] have investigated the free vibrations
of an axially functionally graded Timoshenko beam with an arbitrary variable cross-section based on the so-called
geometric spectrum method. They presented the cross-sectional area, moment of inertia, modulus of elasticity,
specific mass and shear modulus using Fourier cosine expansion and obtained eigenvalues and coefficients of
Fourier series by applying Hamilton's principle. In this paper, the free vibrations of non-uniform and FG beams
with the general non-classical boundary conditions including end objects with mass moment of inertia,
eccentricity, and rotational and translational flexible constraints are investigated. According to the literature
review, it is disclosed that unlike many studies and various methods used to investigate the vibrations of non-
uniform and FG beams by numerous investigator, their method often does not lead to a unique solution for the
beam with the general boundary conditions. Consequently, the implemented solution cannot be used for the other
special cases. Therefore, the novelty of this article is the introduction of a new method based on the application of
the Cauchy formula for iterative integrals, the solution provided through this method can be used for a variety of
boundary conditions, materials and beam geometry.

2. Theoretical formulation

As shown in Figure 1, Consider a non-uniform beam system subjected to distributed external force p = p(x.t)
with a non-concentrated end masses M; and mass moment of inertias J,; about the ends of the beam. The center
of gravity of masse shown by G; do not coincide with the points of attachment and are located at a distance e;
from the points of attachment. The beam is elastically supported with the translational and rotational spring
stiffnesses Kr; and Kjg; at both ends respectively. The axial coordinate of the beam, the cross sectional area,
modulus of elasticity, cross sectional moment of inertia, mass density, and length of the non-uniform beam are
denoted by x, A(x), E(x), I1(x), p(x) and L, respectively. Using Hamilton's principle, the governing differential
equation of transverse motion and the boundary conditions in dimensionless form may be written as:
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Figure 1. Schematic of non-uniform beam with elastically restrained ends and with off-set tip masses
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In order to solve Eq.1 in absence of external force, Cauchy’s formula for iterative integrals is exploited.
According to this formula, if the nth order derivative of y(X) function assumed to be f(X), one may write:

X (X _ .L.)n—l (5)

y(X) = f Fr)de

o m—1)

Using Cauchy’s formula for iterated integral and integrating both side of Eqg.1 with respect to T four times. We
get
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where C; (i = 1.....4) are integration constants which should be determined according to the boundary
conditions As a result

_ b3A; — b4, b3Az — byA, _ b3As — b4 _ b3A; — byAg (10)
l_f' z——#, 3—#, 4——f

In Eq.10 the coefficients 4; (i = 1.....8) and { may be written as follow:

Qi Q13 Q14 a1 Q13 Q14
, Ay, =det|A2 az3 Az, Az =det|Gz1 Q23 a4,

a3z A3z A3y

A1 Q13 Q14
Ay =det|Qz2 Az3 Apq
Agp Q43 QA4q

Qg1 Q43 QAyq
a11 Q13 Q14
A, =det|Q21 Q3 Q24
az1 033 A3y

a1 Q12 QA1a a1 Q12 QA1a (12)
, As =det|G21 Q22 Az, Ag=det|A21 a2z A,

Qg1 Q42 Qyg az1 A3z A3y
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where

a;; =0, a;; =1, a3 = GlLr Q14 = Voéu + CZL: Az =1, ayp=-Yy a3 = 63L' (12)
Az = Volay + Gy, az1 =6+ Gop+ (¥ +3)Gig, as; = 3[2 +Gop + Gir(y + 2)]'
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asr = 3[(y + 2)Gag + Gar — 2], asz = 3[(y + 2)Gag + Gar — 2v], ass = 6(yGag + Gaz)

Also in Eq.10, the coefficients b; (i = 1.....4) are given as:
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Rewriting Eq.9 in terms of three functions namely R,(X, 1), R,(X,t) and R5(X, ) as follow:
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In order to find the numerical solution for Eq.15 we expand w(X) as power series. Thus, it could be written

as:
NN (18)
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Multiplying both sides of Eq.19 byX™ and integrating from X = 0 to X = 1, gives rise to:
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A system of NN linear algebraic equations can be obtained by setting M = 1to M = NN — 1 into Eq.20. The
matrix form of these equations may be written as:

Soo So1 = Son 9o 0 (21)
S10 Si1 = Sip 9} _Jo
Sun-1 Smn-1 ¢+ Sun-11 \In-1 0
where
NN—-1 NN 22)
Sun-1 = Z Z Amn-1+ Qun-1 + Upn-1 + Kyn-1
M=0 n=1
and

1 1 1 1 (23)
Ay = f HCOX™M 4X, Qe y = — f XM dx f Ri(X, D)™ dr = f By XMdX,
0 0 0 0

1 X 1
uMn_1 = f XMde Rz(X, T)Tn_1 dt = f DH—IXMdXF
0 0 0

1 B\ (¥ 1
Fyn-1 =.f X™dx <_Z),f R;(X,0)T" Yz =f Fr_1XMdX
0 0

0

To seek a non-trivial solution for g,,_,, the determinant of coefficient matrix in Eq.21 should vanish. Hence it
can be written as:

Soo So1 “ Son (24)
det S10 51:1 o Sin -0
Sun-1 Smn-1 i Smn-1

As a result, the frequency equation in § can be obtained by expanding determinant in Eq.24. Having found a
non-trivial solution for g,,_,, one may obtain the mode shapes by making use of Eq.18.
3. Validation

Consider a clamped-simply beam with exponentially and sinusoidal varying height and constant depth as
shown in Figure 2. Assuming variation of height for exponentially and sinusoidal beams are given as:

h(X) = hoe %%, h(X) = hy cos%X (24)
Thus, the area and the moment of inertia of the section for beam with exponentially varying height may be
expressed as:

A(X) = boh(X) = Aoe_o'sx, I(X) = 108_1'5X (25)

Similarly, the area and the moment of inertia of the section for beam with sinusoidal varying height may be
written as:

A(X) = byh(X) = 4, cos%X, 10 =1, [cos%X]s (26)

Where A, = byh, and I, = byhy>/12 are the cross sectional area and moment of inertia at X = 0. The
dimensionless frequency parameters with exponentially and sinusoidally varying height for a clamped-simply
beam is given in Table 1 and compared with [3], As it is clear, a very good agreement could be observed.

Table 1. Dimensionless frequency parameters of a clamped-simply beam

Varying height Method B’ B> B3>
Exponential Present 12.8368 39.6592 81.7513
[3] 12.8400 39.6600 81.7500
Sinusoidal Present 14.2489 44,9941 93.4804
[3] 14.2500 44.9900 93.4800
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Figure 2. Non uniform beam (a) exponentially varying height and (b) sinusoidal varying height

4. Conclusion

In this study, a new approach has been presented to solve free vibration of axially FG tapered Euler-Bernoulli
beams with the aid of Cauchy’s formula for iterated integrals. The solution of the transverse displacement was
assumed in the form of power series, through which the resulting Cauchy’s iterated integrals were solved. The
accuracy and computational efficiency of the proposed method is confirmed by comparing our numerical results
with those available in the literature, including the case of Functionally graded none-uniform beams according to
exponential low, double-parabolic truncated taper beam and beams with exponentially and sinusoidal varying
height. Our suggested approach is capable of treating arbitrarily axial gradient and varying cross-section with any
classical or non-classical boundary conditions including offset mass with mass moment of inertia and with the
translational and rotational flexible ends.
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a B2 L% B> L% B3? L%
-10 24.0662* 0.0008 68.1687* 0.0527 135.4560* 0.0255
24,0660 * 68.1328 135.4215°¢
-3 23.9433* 0.0054 67.7552* 0.0127 134.4390* 0.0316
23.9446 * 67.7638 134.4815°¢
0 24.3754* 0.0008 67.5875* 0.0064 132.8390* 0.0238
24.3756 ¢ 67.5918 132.8706 °
3 24.9364* 0.0008 67.1041* 0.0060 130.2280* 0.0236
24.9366 * 67.1081 130.2588 °
10 24.8062* 0.0024 66.2306* 0.0143 127.6640* 0.0181
24,8068 * 66.2401 ° 127.6871°
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-10 24.8064* 0.0016 66.2351* 0.0075 127.7420* 0.0430
24.8068 * 66.2401 * 127.6871 ¢
-3 24.9364* 0.0008 67.1041* 0.0060 130.2300* 0.0221
24,9366 * 67.1081° 130.2588
0 24.3754* 0.0008 67.5875* 0.0064 132.8390* 0.0238
24.3756 ¢ 67.5918 ¢ 132.8706 *
3 23.9433* 0.0054 67.7553* 0.0125 134.4400* 0.0308
23.9446 ¢ 67.7638° 134.4815°¢
10 24.0662* 0.0008 68.1686* 0.0525 135.4560* 0.0255
24.0660 * 68.1328 135.4215°¢
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Cc-C 21.5185* 0.0102 61.0548* 0.0159 121.6450* 0.1785
21.5207 ¢ 61.0451 ¢ 121.4017
S-S 10.2634* 0.0010 41.0828* 0.0051 92.2188* 0.0222
10.2635 ¢ 41.0849° 92.2393
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Cc-C 22.3798* 0.0018 59.5959* 0.0906 114.8120* 0.0514
22.3802 ¢ 59.6013 114.7530°°
S-S 8.84935* 0.0006 35.9355* 0.0028 81.2029* 0.0119
8.84940 35.9365° 81.2126
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