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K E Y W O R D S  

 

A B S T R A C T  
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The widespread use of lightweight and flexible structures in industries such as aerospace 

and the increasing use of thin plates in these structures, which are easily fluttered and 

unstable in rapid air currents, make the use of active and inactive flutter control methods 

inevitable. In the present study, by examining the governing equations and employing SOF 

(Static Output Feedback) method, we have tried to position the vibration sensors to get the 

closest performance to the LQR controller. To do this, a rectangular plate exposed to 

supersonic current is considered. A piezoelectric patch is used to control the vibrations. A 

rectangular plate exposed to supersonic current is considered. A piezoelectric patch is used 

to control the vibrations. Von Karman thin plate theory and Mindlin moderately thick plate 

theory are used for simulating the plate. The first-order piston theory is used to model the 

airflow. The equations of motion are obtained using the Lagrange method and the 

displacement field approximation by finite power series. Then, a criterion for finding the 

points whose displacement feedback combination can provide the closest control 

performance to the LQR controller is presented. Finally, the performance of the obtained 

criterion has been evaluated and confirmed by numerical simulation. The results show that 

the plate's flutter can be effectively suppressed at speeds beyond twice the critical velocity, 

feeding back a specific combination of certain points' displacements. The results show this 

method presents a performance comparable to the LQR controller, despite removing the 

state estimator. 

Extended Abstract 

 Introduction  

ightweight and flexible components such as thin plates have been used widely in aerospace industries. These 

components go unstable when subjected to fast airflows. This issue has made the use of active and passive control 

methods inevitable. Bailey and Hubbart [1] were the first to employ piezoelectric materials to control vibrations.  

In control problems involving large numbers of state variables, the LQR or LQG-based methods are employed to stabilize 

the system and optimize the control performance. System state variables are fed back as the control signal in these methods. 

However, state variables of distributed parameter systems cannot be measured directly and must be estimated using sensor 

data, which causes technical and numerical problems in practice. Consequently, in practical aeroelastic flutter control, it is 

recommended to use the SOF (Static Output Feedback) method for direct feedback of sensor data. Patil and Hodges [13] were 

the first to consider this issue and examine the aeroelastic flutter control of a long wing by SOF method.  

According to the published literature, the optimal placement of the sensors for the SOF control of fluttering plates has not 

been investigated so far. With this aim, a rectangular plate subjected to supersonic flow is considered. Von Karmen's thin plate 

theory and Mindlin's moderately thick plate theory are employed to model the system. The LQR controller is used as the 
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reference to define the best displacement and velocity feedback points. A criterion is suggested for optimizing sensors position 

based on the angle between the LQR feedback gains vector and the equivalent gains vector of a derivative-proportional 

controller. The validity of the proposed method is evaluated by numerical simulations. 

 Mathematical Formulation 

Fig. 1 presents a cantilevered plate with length a, width b, and thickness h subjected to a supersonic flow of velocity ὠ . A 

piezoelectric patch of dimensions ὥ, ὦ and Ὤ is attached to the plate at local coordinates ὼȟώ . The patch acts as an 

actuator to control the plate vibrations. The voltage applied to the patch is defined using specific pointsô displacement and 

velocity feedback. The governing equations of the system are presented in Ref. [8], based on the Mindlin plate theory. Similar 

equations are extracted for the case of the von Karman plate theory using some simplifications. 

The displacement field is approximated using the Ritz approximation method: 

(1) ύ ὔή 
where ύ, ὔ and ή are the transverse displacement, the matrix of admissible shape functions, and the vector of generalized 

coordinates, respectively. The governing equations are obtained as follows: 

(2) ὓή ὅή ὑ ὑ ή Ὂὠ 

 

 

Figure 1. The geometry of the plate and the piezoelectric patch subjected to supersonic flow 

where ὠ is the piezo-patch control voltage, Ὂ is actuating vector, and, ὓ, ὑ,  ὅ, and ὑ  are matrices of mass, structural 

stiffness, aerodynamic damping, and aerodynamic stiffness, respectively. Using the following transfer:  

(3) ή   ὢȟ  
Eq. (2) is transfered in to modal space: 

(4) ὓὢ ὅӶὢ ὑ ὑ ὢ Ὂὠ, 
where   is the matrix of mode shapes in zero flow velocity (ὓή ὑή π) and ὢ is the vector of state variables in the 

modal coordinates, and 

(5) 
ὓ ‰ὓ ‰ȟ         ὅӶ ‰ὅ ‰ȟ             
ὑ ‰ὑ ‰ȟ           ὑ ‰ὑ ‰ȟ              
Ὂ ‰ ὊȢ       

The reduced model is obtained by eliminating defined   columns and neglecting the corresponding mode shapes from the 

system dynamics. In the sequel, the governing equations are transferred to state-space form: 

(6) 

ὤ ὃὤ ὄὠȟ        ὤ ὢ
ὢ
ȟ                 

ὃ
ὓ π
π Ὅ

Ȣ
ὅ ὑ ὑ
Ὅ π

ȟ     

ὄ
ὓ π
π Ὅ

Ȣ
Ὂ
π

 

We observe state variables vector is composed of the generalized coordinatesô vector and its time derivative. Therefore, we 

may consider it a function of displacement and velocity of a plate's generic point. In the LQR method, system state variables 

are fed back with specific gains: 

(7) ὠ ὑ ὤ ὑρ ὢ ὑς ὢ 

In the above equation, KC is the matrix of feedback gains, and its submatrices K1 and K2 define the gain factors of the 

modal displacement and velocity variables, respectively. The state and control weighing function of the LQR controller are 

defined the same as described in Ref. [8]. For the case of SOP control, we employ a proportinal-derivative feedback: 

(8) ὠ ὑ  ύὼȟώ Ὕύὼȟώ  
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Here ύὼȟώ  represents the transverse displacement of the sensing point, and ὑ  and Ὕ denote the feedback gain factor 

and the time constant of the controller, respectively. 

Using Eqs. (1), (6), and (8), we get 

(9) 
ὠ ὑ ὑὤȟ               
ὑ Ὕὔȿȟ‰ ὔȿȟ‰ 

Comparing Eq. (9) to (7), we notice the LQR and the SOP controller are equal if ὑ Ὕὔȿȟ‰ ὑρ and  ὑ ὔȿȟ‰

ὑς. But, it is impossible to find a sensor location to satisfy these conditions. However, it is possible to define sensor locations 

that yield the closest state variables gain vector to those of the LQR controller by minimizing the angle between the feedback 

gain vectors. For this purpose, the following criteria are introduced based on maximizing the cosine of the mentioned vectors 

angle: 

(10) 

ὅὕὛρ
ὔȿȟ‰ ὑρ

ὔȿȟ‰ᴁὑρᴁ
ȟ         

ὅὕὛς
ὔȿȟ‰ ὑς

ὔȿȟ‰ᴁὑςᴁ
 

Finally, we determine the values of Td that minimize the difference between the gain vectors K and KS. We do this by 

maximizing the following criteria : 

(11) ὅὕὛσ
ὑ ὑ

ᴁὑᴁᴁὑᴁ
 

 Results and discussion 

In the field of aeroelasticity, the system behavior is usually expressed in the dimensionless dynamic pressure ‗
”ὠὥȾὈ, in which D is the plate bending stiffness. Increasing the dynamic pressure and passing a critical value (ɚcr), the 

real part of some system eigenvalues go positive, and the plate starts fluttering. Critical dynamic pressure was calculated for 

cases of plates without patch and having a piezo or an aluminum patch to verify the performed simulation and assess the 

precision of thin plate's results. The results were compared to those of Ref. [8] obtained by Mindlin plate theory. The following 

dimensional quantities were used for this comparison: 

ὥ πȢτ ά ȟ      ὥȾὦ τȾσȟ     ὬȾὥ πȢπρȟ    
ὥȾὥ ρȾτȟ ὦȾὦ υȾσπȟ   ὬȾὬ ρȾτ 

For the case without a patch, von Karman's thin plate theory defines the critical pressure as 145.3, which is in good 

agreement with that of the Mindlin theory obtained in Ref. [8] (ɚcr =143.8). Also, for the cases of patched plates and different 

patch locations, the obtained values were comparable to those reported in Fig. 2 of Ref. [8]. 

Using the thin-plate and thick-plate model, the stabilization of the plate flutter at the dynamic pressure ɚ = 290 by the 

displacement feedback of different points is investigated. The piezoelectric patch is positioned in coordinates (xp, yp)=( 80/57, 

0) using the results presented in Ref. [8] based on the dynamic stability criterion. For this study, the constant Td of Eq. (8) is 

set to zero and KP is increased to stabilize the plate. To calculate the required voltage, a coefficient of the first vibration mode 

of the plate (which is involved in flutter phenomenon) is considered as the initial condition so that the displacement of the point 

(x, y) = (a, b / 4) is w=0.5h. 

 
Fiure 2. The applied voltage required at t=0 to stabilize the plate flutter at the dynamic pressure ɚ = 290 versus sensor location 

defined by the Mindlin theory  
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Fig. 2 shows the applied voltage required at t=0 to stabilize the plate flutter versus sensor location defined by the 

Mindlin theory for an 11 * 10 plate mesh. In this figure, the darker areas indicate the lower required voltages. The 

white zone corresponds to locations where no feedback gain yields vibrations stabilization. In the black and gray 

zones, the plate vibrations go unstable as the feedback gain increases. Numerical simulations show a significant 

difference between the result of the plate theories to define stability zones and corresponding actuator voltages. 

According to Figure 2, the required control voltages are of the order of kV. Whiles, Table 8 of the Ref. [8] reported 

that the maximum applied voltage is limited to a few tens of volts using the LQR method and the mentioned 

location of the piezoelectric patch. We re-examied the computational codes of Ref. [8] to ensure the accuracy of 

its presented results. Also, we studied the maximum voltage predicted by the LQR method for the von Karman 

and Mindlin plate models. In this study, we reached the following results: 

1. Reference [8] claims that a reduced dynamic model with ten vibration modes has been used to study the flutter 

control. Then, to simulate the time response of the plate, a coefficient of the first mode shape was considered for 

the initial condition. By examining the programming codes used in that study, we found that due to a programming 

error, indeed, a coefficient of the tenth mode shape was used as the initial condition. Since, unlike the first and 

second vibration modes, the tenth mode is not directly involved in the flutter mechanism, the required voltages 

were predicted much less than they are. 

2. Numerical simulations show that the von Karman theory predicts the actuator voltages higher than those 

predicted by the Mindlin theory. The reason is that the piezoelectric patch excites the base plate using shear 

stresses. On the other hand, in the von Karman theory, the shear stresses are assumed negligible and are omitted 

in the theory development. Because of the above, we only used the Mindlin theory to prepare the results. 

Fig. 3 reports the time response of the plate in dynamic pressure of ɚ = 290 simulated with the Mindlin theory and 

the LQR method, assuming the first mode shape as the initial condition. In this simulation, the weighting matrices 

Q and R are considered the same as in Ref. [8]. The vector of feedback gains was obtained and used to determine 

the best sensor locations for the displacement and velocity feedback by minimizing the criteria presented in Eq. 

(10). Fig. 4 shows the contour plot corresponding to the criterion COS1 of Eq. (10). A very similar contour plot 

was obtained for COS2 of that equation. It was observed that both COS1 and COS2 criteria have local maximums 

at the same points that are POS1: (xs, ys) = (0.28,0) and POS2: (xs, ys) = (0.36,0.21). Consequently, we considered 

these points as possible optimal points for proportional-derivative feedback. Afterward, using criterion COS3 of 

Eq. (11) at these points, we searched for values of Td that result in a must closeness between the vector of feedback 

gains KC and KS. It was observed that for both sensor locations maximum value of COS3 is obtained when Td=0, 

which is identical to a pure proportional controller. Moreover, in both cases, the maximum value of COS3 is 

considerably less than the ideal value 1. As observed in Fig. 2, basically in POS1, no feedback gain KP can stabilize 

the system (although specific values of KP make the system very close to the stability boundaries). Fig. 2 also 

shows that by locating the sensor in POS2, the system can be stabilized for a specific value of KP with the least 

actuator effort compared to other parts of the plate. To have a good control performance, it is necessary to go far 

enough away from the stability boundaries by increasing the feedback gain. But the numerical simulations show 

the stability zone is very narrow and with a slight increase in KP, the system becomes unstable. 

 
Figure 3. Time response simulated using Mindlin theory and LQR controller for ɚ = 290. 

As mentioned above, in the two locations determined by Eq. (10), it is impossible to achieve appropriate control 

performance with proportional or derivative-proportional feedback controllers. However, it is still possible to achieve a 

performance close to that of the LQR controller with the simultaneous displacement feedback of both points. To achieve the 

best combination of displacement feedbacks, we employed the criterion of Eq. (11). Fig. 5 shows the variations of the criterion 

COS3 versus the proportional feedback gains ratio. According to this figure, we get the maximum value of COS3 in the gains 

ratio KP2 / KP1 = -1.1 that is equal to 0.89 and relatively close to the ideal value 1. Hence, a hybrid proportional control with a 

gains ratio KP2 / KP1 = -1.1 was used to control the plate flutter at dynamic pressure ɚ = 290. Fig. 6 illustarates the corresponding 

control performance for KP1 = 1800000. According to the obtained maximum voltage and the setteling time, the performance 

of the controller is acceptable and comparable to that of the LQR controller (Figure 3). 
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Figure 4. Variations of the COS1 criterion versus the position 

of the sensor 

Figure 5. Variations of the COS3 criterion versus proportional 

feedback gains ratio 

 Conclusion 

In many theoretical studies published on plate flutter control, piezoelectric patches are used as actuators. The applied 

voltage is commonly defined using statesô vector feedback, which is to be estimated. However, in practice, this increases the 

cost and complexity of execution. In the present study, we tried to find appropriate vibration sensor locations for suppressing 

the plate supersonic flutter using the SOP method. The LQR controller is used as the reference controller to find the best sensor 

points for displacement feedback. Then, a criterion is introduced to find the sensor points that combined displacement feedback 

gives the closest control performance with the LQR controller. Numerical simulations confirm that an acceptable control 

performance is achievable, using the introduced criterion to find the sensor locations. The method presented here may only be 

applicable to specific problems, such as platesô vibration control, where the position of the sensors is arbitrary and may not be 

useable for other control problems. 

This study also showed that thin plate theory does not provide reliable results for simulating plate flutter control with 

piezoelectric patches since it assumes shear stresses to be negligible. 

 
Figure 6. Time response simulated using Mindlin theory and the combined SOF controller (combined displacement feedback of 

points (xs, ys) = (0.28,0) and ((xs, ys) = (0.36,0.21)) for ɚ = 290. 
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²ÖÅ   ç½ÿ  ĂĊ{Þ£  āºÉIºýv  ĂzûvĀþÝ  ë¾´ù  ā¹wæ¤Åv  āºÉ  ¢Åv  )w¬ýj¿vĈĉĂí  üĉv  ĂöÍÿ wă  ĈùºþývĀ£  ćwă¹Āù  ĈÉwÞ£½v  Ĉæö¤¸ù  v½  ¢´£  

¾Ċ§m£  ½v¾é   Iºþă¹   Áw¤õÿ  ĈõwúÝv  Ăz  üĉv  ĂöÍÿ wă  v½  Ăz¡½ĀÍ  Ĉ{Ċí¾£  ¿v  ìzºĊå  ćwă¾Ċâ¤ù   ĈîĊùwþĉ¹  äö¤¸ù  ā¿wÅ  ½¹   ¾Úý  Ĉùºý¾Ċñ  )

v¿vĉ üÿ½  üĊú¸£  ćwă¾Ċâ¤ù  äö¤¸ù  I¢õw³  ½¹  ½w¤å½  ø¤ÆĊÅ  Ĉõ¾¤þí  ćv½v¹  ¢Ċúăv  ½wĊÆz  ć¹wĉ¿  ¢Åv  )¿v  ćĀÅ  ¾òĉ¹  ā¹wæ¤Åv  ¿v  ìĉ  

 üĊú¸£¾ñ  ćwă¾Ċâ¤ù  I¢õw³  y«Āù  ÈĉvÀåv  ĂþĉÀă  ÿ  ĈñºĊ°Ċ~ćwă  Ĉĉv¾«v  Ĉù¹¹¾ñ  )½¹  ĂÞõwÖù  ¾Ñw³  ÇĒ£  āºÉ  ¢Åv  Ăí   wz 

ĈÅ½¾z  ÿ  ĂÞõwÖù  ¡đ¹wÞù   Iøíw³  ô´ù  yÅwþù  ćv¾z  ćwă½ĀÆþÅ  ĈÉwÞ£½v  v½  ĂzĂýĀñvć  xw¸¤ýv  ¹¾í  Ăí  ûvĀ¤z  ûÿºz   ā¹wæ¤Åv   ¿v 

 üĊú¸£I¾ñ  wz  ìzºĊå  øĊê¤Æù  ówþòĊÅ  Ĉ«ÿ¾·  wă½ĀÆþÅ  ć½vºĉw~wý   ç½ÿćwă   ë¿wý  ½¹  ûwĉ¾«  ìĊýĀÅ¾~ĀÅ  v½  Ăz  ôîÉ   ć¾§où  

ó¾¤þí ¹Āúý) 

 Ĉöĉwz   ÿ   ¹½wzĀă  8, 7  üĊ¤Æ¸ý  ĈýwÆí  ºý¹Āz  Ăí  ā¹wæ¤Åv  ¿v  ¹vĀù  ìĉ¾¤îõvÿÀĊ~  ćv¾z  ó¾¤þí  ¡wÉwÞ£½v  v½  ¹½Āù  ĂÞõwÖù  ½v¾é   ºý¹v¹  )

 ûj  wăwz  ā¹wæ¤Åv  ¿v  ë¾´ùćwă  ć¾úĊö~   ~ìĉ¾¤îõvÿÀĊ  ìĉ  v¾Ċù  āºþþí  ówÞå  ¡wÉwÞ£½v  ćv¾z  ìĉ  ¾Ċ£  Ĉ³v¾Õ  ºý¹Āúý  )¹ÿĀñwă  ÿ  ûÿ  

Ā£Āöå  8-7  ¿v  ìĉ  Ăĉđ   ìĉ¾¤îõvÿÀĊ~  ÿ  ìĉ  ½vºù  Ĉîĉ¾¤îõv   áĊówÞå¾  ćv¾z  x¼«  ÿ  v¾Ċù  û¹¾í  ¡wÉwÞ£½v  ā¿wÅćwă  ĈîĊýwîù   ā¹wæ¤Åv  

ºý¹Āúý  )Äþñv  8.7  Ăî{Éćwă  Ĉ{Ċí¾£  ówÞå(   áĊówÞå¾  ìĉ¾¤îõvÿÀĊ~  v½  ćv¾z  ó¾¤þí  ¡wÉwÞ£½v  ½wîz  ¢å¾ñ  )¿v  ûj  ûwù¿  ûĀþíw£  

Çÿ½ćwă ó¾¤þí  IówÞå  áĊówÞå¾  ÿ  Ĉ{Ċí¾£ ć½wĊÆz ćv¾z ó¾¤þí ¡wÉwÞ£½v ā¿wÅ ćwă ºþúÉĀă ½wîz  Ă¤å¾ñ āºÉ ¢Åv  ) 

½¹  ºþĉj¾å  Ĉ³v¾Õ  ā¿wÅćwă  ºþúÉĀă  ćv¾z    ¢Å¹ Ăzû¹½ÿj  ìĉ  ¹¾îöúÝ  Ĉõ¾¤þí  IyÅwþù  ûwîù Ĉzwĉ  ĂþĊĄz  ë¾´ùwă  ćv½v¹  

¢Ċúăv  ½wĊÆz  ć¹wĉ¿  ¢Åv  )ûĀþíw£  Çÿ½ćwă   ĈýĀñwýĀñ  ćv¾z  ü¤åwĉ  ¢ĊÞéĀù  ĂþĊĄz  ë¾´ùćwă  ìĉ¾¤îõvÿÀĊ~  ÔÅĀ£  ûwêê´ù   Ătv½v  

āºÉ  ¢Åv  )ć½ºÅ   ÿ  ûv½wîúă  8/7  ćv¾z  ûwîùĈzwĉ  ĂþĊĄz  ĂöÍÿćwă  Iìĉ¾¤îõvÿÀĊ~  ÿ¹  ½wĊÞù   ¾z  ÃwÅv  ó¾¤þíć¾ĉ¼~  óv¹Āù   ÿ  üĊùv¾ñ  

 ó¾¤þíć¾ĉ¼~  Ĉå¾Þù  ºý¹Āúý  ) w¯ÿ½  ÿ  ûv½wîúă  807  ¿v  Çÿ½  ÷¾ý  HÐ  ćv¾z  üĊĊÞ£  ¢ĊÞéĀù  ĂþĊĄz  wă½ĀÆþÅ  ÿ   ë¾´ù  wăā¹wæ¤Åv  

ºý¹Āúý  )ĀĊí   ÿ  ûv½wîúă  817  wz  ā¹wæ¤Åv  ¿v  ÷¾ý  H2  ìĉ  Çÿ½  ÞéĀùĊ¢ ĉzwĈ  ĂþĊĄz  ćv¾z  ¹w¬ĉv  üĉ¾¤ÊĊz   ó¾¤þí ¼~ĉ¾ć  ÿ  āºăwÊù¼~ĉ¾ ć  

¹wĄþÊĊ~ ºý¹Āúý  ) 

ć¹wă¾å  ÿ  ĈúÉwă  827  ćv¾z   ¢{Æýćwă  ć¹wÞzv  äö¤¸ù  IĂöÍÿ  ûwîù  ĂþĊĄz  ĂöÍÿ  ÿÀĊ~ìĉ¾¤îõv  v½  ćv¾z  ó¾¤þí  ½wĄ¯  ¹Āù  ĈÉwÞ£½v  

 ç½ÿ  Ăz½ĀÚþù   ĈzwĊ¤Å¹  Ăz  üĉ¾¤Ąz  ¢õw³  ó¾¤þíć¾ĉ¼~  ¹½Āù  ĈÅ½¾z  ºý¹v¹½v¾é  ) ½¹  ĂÞõwÖùćv  I¾òĉ¹  ûj wă   ûwîù  ĂþĊĄz   ĂöÍÿ  

ìĉ¾¤îõvÿÀĊ~  ćv¾z  ó¾¤þí  ½w¤å½  ìĊ¤Åđvÿ¾ĉj   ç½ÿwă  v½  èzwÖù  ćwă½wĊÞù  ó¾¤þíć¾ĉ¼~  ÿ  ć½vºĉw~  ĈîĊùwþĉ¹  ¹½Āù  ĈÅ½¾z  ½v¾é  ºý¹v¹  

837 )  ½¹  ûj   IĂÞõwÖù  Ăz½ĀÚþù  ó¾¤þí  ówÞå  ¡wÉwÞ£½v   IĈĉwêõv  ÿ¹   ±¾Õ  Ĉõ¾¤þí  ¹½Āù   ā¹wæ¤Åv  ½v¾é  Ă¤å¾ñ  āºÉ  ¢Åv  ) ½¹  ±¾Õ   óÿv  wĄþ£  

ćwă¾Ċâ¤ù  ¢õw³  ¾Ùwþ¤ù   wz  ôîÉ  ¹Āùćwă  óÿv  ìzºĊå  ā¹v¹  āºÉºýv  )½¹  Çÿ½  ÷ÿ¹  ó¾¤þíāºþþí  1LQR    wz  ìzºĊå  ĂĊöí  ¾Ċâ¤ùćwă  

¢õw³ ¹½Āù ā¹wæ¤Åv ½v¾é Ă¤å¾ñ ¢Åv )üĉv Çÿ½ćwă  Ĉõ¾¤þí ºþù¿wĊý  ā¹wæ¤Åv ¿v  üĊú¸£¾ñ ¾Ċâ¤ù ¢õw³  ø¤ÆĊÅ ĈùºþÉwz ) 

 ç½ÿ ¾£Ēå ó¾¤þí ÛĀÑĀùÇÿ½ Ăz wă  ÿ ¢Åv ûwêê´ù ĂéĒÝ ¹½Āù ¡wÝĀÑĀù ¿v Ĉîĉ ûwþ°úă ówÞå¾Ċá ÿ ówÞå ó¾¤þí ćwă  ½¹

ówÅÇÿ½ ÀĊý ¾Ċ·v ćwăĂ¤å¾ñ ½v¾é ĈÅ½¾z ¹½Āù ÿ āºÉ ¹wĄþÊĊ~ ÛĀÑĀù üĉv ćv¾z ĈýĀñwýĀñ ćwă )ºývĂzûvĀþÝ  ÿÁ IĂýĀúý  ÿ  ûv½wîúă 

847  Ăz  ĈÅ½¾z  ËvĀ·  ¾£Ēå   ÿ  Èýwúí  Ĉ£½v¾³   ç½ÿwăć  ìĉ¾¤îõvÿÀĊ~  2FGM  ½¹  ûwĉ¾«  ìĊýĀÅ¾~ĀÅ  ºþ¤·v¹¾~  ÿ  ó¾¤þí  ówÞå   ¾£Ēå  

½¹  ćwăwù¹  äö¤¸ù  v½  ¹½Āù  ĈÅ½¾z  ½v¾é   ºý¹v¹ûj )  wăćv¾z  ó¾¤þí  ¾£Ēå   ç½ÿ  ¿v  ¾õ¾¤þí  LQR   ā¹wæ¤Åv   ºý¹¾í  )ªĉw¤ý  ĂĊ{É ć¿wÅ 

 Ătv½v  āºÉûwÊý  Ĉùºă¹  Ăí  üĉv  Çÿ½  ĈùºývĀ£  w£  º³  ć¹wĉ¿  ć½vºĉw~  ĈîĊùwþĉ¹  ç½ÿćwă  3FGPM  v½  ½¹ ûwĉ¾«  ćvĀă   çĀåwù   ¡ĀÍ  

ÿ  ÔĊ´ù   wz  ćwù¹  đwz  ¹Ā{Ąz  ºÊ¸z )  ĂÅĀív½Āí  ÿ  ć½wĄĉ¾Å  8,+7   ćwăºùwĊ~  yĊÅjćwă  ā¹½vÿ  ¾z  ¡w´æÍ  Ĉ¤ĉ¿Ā ùwí  Ăĉđºþ¯  v½  ¾z  

ĈñÂĉÿćwă  ¾£Ēå  ûj  wă¹½Āù  ĈÅ½¾z  ½v¾é  ºý¹v¹  )Ä Å  ĈÉÿ½  ćv¾z  Ĉzwĉ¿wz  ûj  ĈñÂĉÿćwă  ÈăwíĂ¤åwĉ  wz  ìúí  ĂöÍÿćwă  

 
1 Linear Quadratic Regualtor 
2 Functionally Graded Material 
3 Functionally Graded Piezoelectric Material 



w«ĉzwĈ ĄzĊĂþ v¾z wă½ĀÆþÅć åĊìzº «ÿ¾·Ĉ £w¤ÅvĊì ¾« ½¹ wă ç½ÿ ¾£Ēå ó¾¤þí ¢Ą«ĉûw ýĀÅ¾~ĀÅĊ ì  3+ 
 

 ówÅ *ºþúÉĀă ÿ Ă¤å¾ÊĊ~ ¹vĀù ìĊýwîù,/+,*  ā½ÿ¹-*  ā½wúÉ, 

ìĉ¾¤îõvÿÀĊ~  Ătv½v  ºý¹Āúýûj )  wăóºù  ûwúõv   ¹ÿº´ù  ĂÕĀz¾ù  v½  ćv¾z  À¬£ĉ Ăö´£ÿĊô   ¾£Ēå  ç½ÿ ćwă  ¢ĉ¿Ā ùwí  ºþúÉĀă  ćv½v¹  Ìêý 

Ĉö·v¹  ©v¾¸¤Åv  ºý¹¾í  ) Ä~  ¿v  Iûj   ÿĉñÂĈwăć  ¾£Ēå  ćv¾z  ¢Ą«ñĊ¾ćwăć  äö¤¸ù  I¾{Ċå   ćwă¾¤ùv½w~  äö¤¸ù  yĊÅj  ÿ  ûwîùwăć  

ĂöÍÿ  ìĉ¾¤îõvÿÀĊ~  v½  Ăz  ¢Å¹  ºý¹½ÿj  ÿ  wz   ā¹wæ¤Åv  ¿v  Çÿ½  ó¾¤þí   á ĊówÞå¾    ÿĂz¡½ĀÍ  IĈz¾¬£   wz  ówúÝv  Áw¤õÿ  Ĉî¯Āí  Ăz  ĂöÍÿwăć  

ìĉ¾¤îõvÿÀĊ~  ÇĒ£   ºý¹Āúý  ¢Ý¾Å   ¾£Ēå  v½   Ăz   Mv¹º¬ù  ¾ĉ¹wêù  ĂĊõÿv   ÈĉvÀåv   ºþă¹ )    ûv½wîúă ÿ ûwĊ£ 8,,7    ó¾¤þí áĊówÞå¾    ¾£Ēå

 ç½ÿwăć  ìúí Ăz v½ ā¹wùv¾åx»w«wăüĉvĀÅ )ºý¹v¹ ½v¾é ĈÅ½¾z ¹½Āù Ĉö´ù ĈÉwÞ£½v ć ÿ  ûv½wîúă 8,-7 §m£Ċ¾  đĉĂđĉĂ ûºÉ v½ ¾z  

ÿĉñÂĈwăć ¾£Ēå  ç½ÿćwă Ĉ¤ĉ¿Ā ùwí ĈÅ½¾z  ºý¹Āúý ÿ  ó¾¤þí ¾£Ēå   ûj wă Ăz ìúí ĂöÍÿćwă ºþúÉĀă  v½ ¹½Āù ĂÞõwÖù ½v¾é  ºý¹v¹  )

 ûj wă  óºù ć½w¤·wÅ ø¤ÆĊÅ v½ wz ā¹wæ¤Åv ¿v ć½Āu£ ¾þÆĉv½(üĊõºþĊù ©v¾¸¤Åv ºý¹Āúý )Ä Å ¾Ċ§m£ ô´ù Ă¤ÅĀ~Ă¤ÅĀ~ ûºÉ v½  ¾z  

ĈñÂĉÿćwă  ¾£Ēå  ç½ÿ  đºþ¯ĉ Ă   wz Ôĉv¾É  ć¿¾ù  äö¤¸ù  ¹½Āù  ĈÅ½¾z  ½v¾é   ºý¹v¹   ÿ   ÇĒ£   ºý¹Āúý   wz   Çÿ½  ó¾¤þí   IówÞå  ¢Ý¾Å   ¾£Ēå  

v½ ÈĉvÀåv  )ºþă¹ 

  ü¤Év¹ üĊþ°úă ÿ ø¤ÆĊÅ ć¿wÅ½vºĉw~ ćv¾z Iºþ¤Æă ¢õw³ ćwă¾Ċâ¤ù ¿v ć¹wĉ¿ ¹vºÞ£ ôùwÉ Ăí Ĉõ¾¤þí ôtwÆù ¾¤ÊĊz ½¹

  Çÿ½ ¿v Ĉõ¾¤þí ¹¾îöúÝ üĉ¾¤ĄzLQR    wĉ ÿ4LQG  Ĉù ā¹wæ¤ÅvĈ{ĉv¾Ñ Çÿ½ ÿ¹ üĉv ½¹ )¹ĀÉ  ¿v ćwă¾Ċâ¤ù  ¢õw³  ø¤ÆĊÅ  Ăz ûvĀþÝ

ówþòĊÅ  Ĉõ¾¤þí  ìzºĊå  ā¹v¹  ùĈºýĀÉ  )wùv  ćwă¾Ċâ¤ù ¡wéÿv ć½wĊÆz  ¢õw³  ø¤ÆĊÅ  v½  ĈúýûvĀ£  MwúĊê¤Æù    ¢Å¹ Ăz¹½ÿj   ÿ    ºĉwzûj  wă

v½ wz  ìúí ā¹v¹ ćwă Ăz¢Å¹ āºùj¿v ćwă½ĀÆþÅ  IĈĉw¬zw« ¢Ý¾Å  ÿ wĉ  xw¤É ̧£üĊú ¹¿ ) üĉv  ½wí ºþù¿wĊý  ā¹wæ¤Åv ¿v ìĉ  ¾£ĀĊ ùwí  

½wĊÆz  Üĉ¾Å  ćv¾z  ÷w¬ýv   ¡w{Åw´ù  ½¹  ûwù¿  ½wĊÆz  øí  ¢Åv  w£  ûvĀ¤z  wz  ¾Ċ·m£  Ĉýwù¿  ÀĊ¯wý  ćwă¾Ċâ¤ù  ¢õw³  v½  ìzºĊå  ¹v¹  )üúÑ  

Ăîýj  ćwăwÖ·  ć¹ºÝ  ÀĊý  Ĉù ºþývĀ£  ÛĀÑĀù  v½   ~Ċ°Ċāº¾£  ºþĉwúý)  ¤ý½¹ĊĂ¬  Ċ¤Åđvÿ¾ĉj ÿ ¾£Ēå ó¾¤þí ĈÞévÿ ôtwÆù ½¹ ĊÆ ¹wĄþÊĊ~ IĂ¤

ùĈ¹ĀÉ    ¿vÇÿ½wăć    wĉ ìĊ£w¤Åv Ĉ«ÿ¾· ìzºĊå5SOF  ā¹v¹ øĊê¤Æù ìzºĊå ćwþ{ù ¾z Ăí ¹ĀÉ ā¹wæ¤ÅvòÆ³ ćwăĈù wă¾  )ºþÉwz

  Äñ¹Āă ÿ ôĊ£w~8,.7    ºþöz ówz ìĉ ìĊ¤Åđvÿ¾ĉv ¾£Ēå ó¾¤þí ÿ ºý¹v¹ ½v¾é Ă«Ā£ ¹½Āù v½ ÛĀÑĀù üĉv Ăí ºý¹Āz ĈýwÆí üĊ¤Æ¸ý

 Çÿ½ Ăz v½SOF  )ºý¹v¹ ½v¾é ĈÅ½¾z ¹½Āùûjwă  Çÿ½ üĉv ¿v ā¹wæ¤Åv wz Ăí ºý¹v¹ ûwÊýùĈûvĀ£  ½¹ v½ ówz ¾£Ēå ¢Ý¾ÅwăĈĉ   ìĉ¹Àý

Ăz¢Ý¾Å    ½¹ ÀĊý Ĉõ¾¤þí ¹¾îöúÝ ¾z wă½ĀÆþÅ ć¾Ċñ½v¾é ô´ù ¾§v Ă¯¾ñv èĊê´£ ûj ½¹ )¹Āúý ó¾¤þí ć¾§où ôîÉ Ăz Iówz Ĉýv¾´z

¢õw³wăć  ĂþĊĄz ćv¾z ĈÉÿ½ ®Ċă wùv I¹Āz āºÉ ĈÅ½¾z ĈÍw·ĀÆþÅ ûwîù ĈzwĉówÅ ½¹ )¹Āz āºÊý ¹wĄþÊĊ~ wă½  Çÿ½ üĉv I¾Ċ·v ćwă

Çÿ½ ÿ ¢Åv Ă¤å¾ñ ½v¾é ā¹wæ¤Åv ¹½Āù ¾£Ēå ó¾¤þí ćv¾z ć½wĊÆz ¡wÞõwÖù ½¹  )¢Åv āºÉ ¹wĄþÊĊ~ ûj ćwþ{ù ¾z ć¹wĉ¿ ćwăĂz ûvĀþÝ 

  ¹vÂý ć½wĊ¤¸z ÿ ó¹½¹ IĂýĀúý8,/7    ¾£Ēå ó¾¤þí ç½ÿwăć  ĉ¾Æî  ñĊ½v¹¾    Çÿ½ ¿v ā¹wæ¤Åv wz v½ ¡ĀÍ ûÿ¹wù ûwĉ¾« ½¹SOP   ĂþĊĄz

  Ĉ¬ĉw¤ý ÿ ºý¹v¹ ÷w¬ývôzwéwêùĉĂÆ  Çÿ½ wzLQR   ćwă¾Ċâ¤ù È¸z ÿ¹ Ăz ø¤ÆĊÅ ¢õw³ ćwă¾Ċâ¤ù IèĊê´£ ûj ½¹ )ºý¹½ÿj ¢Å¹ Ăz

ā¿wÅćv    Ăíôzwéā¿vºývñĊ¾ć    Ăí ìĊùwþĉ¹ÿ¾ĉj ćwă¾Ċâ¤ù ÿ ºþ¤Æă áĊôzwé¾ā¿vºývñĊ¾ć    I½Āí¼ù Ü«¾ù ½¹ )ºý¹Āz āºÉ øĊÆê£ Iºþ¤Æă

  ĈòýĀò¯ā¿vºývñĊ¾ć  ā¿wÅ ćwă¾Ċâ¤ùĉv ìÉ ûÿºz wùv )¢Åv āºÊý ā¹v¹ ±¾É ćv  ćwă¾Ċâ¤ù ¾òþĊú¸£ ÿ ¾òÆ³ Ăz ¿wĊý ûÿºz ½wí ü

  ¢õw³ûwîùv¼~ĉ¾    ûv½wîúă ÿ ðþĊÅ )¢ÆĊý8,0 7  ÇĒ£    ¢õw³ ćwă¾Ċâ¤ù ¿v Ĉ·¾z üĊú¸£ wz ºý¹ĀúýĂzÅÿĊĂö    ćwă½ĀÆþÅ  ½wí

Ă¤Év¼ñāºÉ  ówz ½¹ôîÉ wz Ĉĉwă  ìĊùwþĉ¹ÿ¾ĉj ¾£Ēå Iäö¤¸ù ćwăûjwă    )ºþĉwúý ó¾¤þí ìĊ£w¤Åv Ĉ«ÿ¾· ìzºĊå Çÿ½ Ăz v½Ăz ûvĀþÝ  

 ĂýĀúýwăć   ¾Ċ·v ćwă½wí ¿v ć¾òĉ¹ùĈûvĀ£  Ü«v¾ù Ăz8,1(,37  )¹¾í ā½wÉv 

Ăõwêù ĂÞõwÖù wz  ¾Ê¤þù ûĀþíw£ Ăí ĈĉwăāºÉºývĈù ¾Úý Ăz Iûwîù ºÅ½ ¹½Āù ìĊ£w¤Åv Ĉ«ÿ¾· ìzºĊå ćv¾z wă½ĀÆþÅ ĂþĊĄz Ĉzwĉ

½¹ )¢Åv Ă¤å¾òý ½v¾é ûwêê´ù ĈÅ½¾z  üĉv  ½wí    ¾£Ēå ówÞå ó¾¤þí ÛĀÑĀù ç½ÿwă   ¢Åv Ă¤å¾ñ ½v¾é Ă«Ā£ ¹½Āù ìĊýĀÅ¾~ĀÅ ûwĉ¾« ½¹

  Çÿ½ Ăz Iç½ÿ ²ÖÅ ćÿ½ ¾z wă½ĀÆþÅ yÅwþù Ĉzwĉw« wz Ăí ¢Åv āºÉ ÇĒ£ ć½wî¤zv ĈÉÿ½ Ăz ÿSOF    ćv¾z Ĉ{Åwþ£ ¾õ¾¤þí ìĉ

  ¾õ¾¤þí Çÿ½ ²ÖÅ ½¹ ć¹¾îöúÝ Ăí ¹ĀÉ Ĉ³v¾Õ ç½ÿLQR  ¢Åv ÷¿đ ½ĀÚþù üĉv Ăz )ºĉwúý Ătv½v  ô´ù  wă½ĀÆþÅ  v½  Ăz  ĈöîÉ 

üĊĊÞ£  ¹Āúý  Ăí  ûÿºz  ¿wĊý   Ăz  ìĉ   üĊú¸£¾ñ   ćwÒå   I¢õw³  ć½vºĉw~wý   ç½ÿćwă  v½   ½¹  ûwĉ¾«  ìĊýĀÅ¾~ĀÅ  Ăz  ôîÉ  ć¾§où   ó¾¤þí 

¹Āúý ) ĈzwĊ¤Å¹ Ăz üĊþ¯ ¢ĊÞéĀù Ĉĉwă y«Āù Ĉù¹ĀÉ ½¹  ôtwÆù  ĈÞévÿ ĈñºĊ°Ċ~ćwă Ĉĉv¾«v Ăz ôîÉ  ć¾§où  Èăwí ºþzwĉ ) ćv¾z 

üĉv  ½wí  ìĉ   ç½ÿ  ĈöĊÖ¤Æù  Ăí  ½¹  Ï¾Þù  ûwĉ¾«  ìĊýĀÅ¾~ĀÅ  ½v¾é  I¹½v¹  ½¹  ¾Úý  Ă¤å¾ñ  Ĉù¹ĀÉ  )ćv¾z  óºù¿wÅć  Iø¤ÆĊÅ   ¿v 

 ć½Āu£ćwă  ç½ÿ  ë¿wý  ûÿ   üù½wí1  ÿ  ç½ÿ  Mw¤{Æý   øĊ¸Ñ   üĊõºþĊù2    ā¹wæ¤Åv  Ĉù¹ĀÉ  )ć½Āu£   ç½ÿ   ë¿wý  ¢{Æý  Ăz  ¾òĉ¹  ½Āu£ćwăć  

 
4 Linear Quadratic Gaussian regualtor 
5 Static Output Feedback 
6 von Karman 
7 Mindlin 



3, ÅĊûvÿ¾ ¹wă¾å ćºÅv ûv¾ùwí I ć  

 

 ówÅ *ºþúÉĀă ÿ Ă¤å¾ÊĊ~ ¹vĀù ìĊýwîù,/+,*  ā½ÿ¹-*  ā½wúÉ, 

 

ĂÕĀz¾ù  ćv½v¹  ¹vºÞ£  ¡w«½¹  ć¹v¿j  ÿ  ¤ý½¹ĊĂ¬  ćwă¾Ċâ¤ù  ¢õw³   ½wĊÆz  ć¾¤úí  ¢Åv  )ćv¾z  ûwþĊúÕv  ¿v  ¢é¹   ªĉw¤ý   Ătv½v  āºÉ ÔÅĀ£ 

ć½Āu£   ç½ÿ  Ië¿wý  ªĉw¤ý  ûj  wz  ć½Āu£   ç½ÿ  Mw¤{Æý  øĊ¸Ñ  üĊõºþĊù  ĂÆĉwêù  ùĈ¹¹¾ñ  )ćv¾z  óºùć¿wÅ  ½wÊå  ûwĉ¾«  vĀă  ¿v   ć½Āu£ 

Ă{£¾ù  óÿv  ûĀ¤ÆĊ~  ā¹wæ¤Åv  Ĉù¹ĀÉ  )¡đ¹wÞù  ¢í¾³  wz  ā¹wæ¤Åv  ¿v  Çÿ½  Âýv¾ñđ  ÿ  yĉ¾ê£  ûvºĊù  Ĉĉw¬zw«  ÔÅĀ£   ć¾Åćwă  ĈývĀ£  

¹ÿº´ù  Ăz¢Å¹  Ĉù ºĉj  ) IÄ Å   wz  ówê¤ýv  ¡đ¹wÞù  ¢í¾³  Ăz  ćwÒå  ¢õw³  ÿ  ìzºĊå   Ĉĉw¬zw«   ÿ  ¢Ý¾Å  Ĉĉw¬zw«  Ówêý  ĈÎ¸Êù   ¿v 

Iç½ÿ ûwîùv ó¾¤þí ¡wÉwÞ£½v  ç½ÿ  ½¹ ¢õw³ćwă  äö¤¸ù ¹½Āù ĈÅ½¾z ½v¾é Ă¤å¾ñ ¢Åv) 

ćv¾z  ü¤åwĉ  üĉ¾¤Ąz   Ówêý  ¢Ą«  ìzºĊå  IĈĉw¬zw«  ¾õ¾¤þí  LQR  ĂzûvĀþÝ  ¾õ¾¤þí  Ü«¾ù  ¹½Āù  ā¹wæ¤Åv  ½v¾é  Ă¤å¾ñ  āºÉ  ¢Åv  )

½¹ IºÉ Ă¤æñ Ăîýwþ¯  ìĉ  ¾õ¾¤þí  LQR  Ĉ{ĉv¾Ñ  ¿v  ćwă¾Ċâ¤ù  ¢õw³  ø¤ÆĊÅ   ĂzûvĀþÝ  ówþòĊÅ   Ĉõ¾¤þí  ìzºĊå  ā¹v¹  ùĈºýĀÉ  )¿v  

Ĉå¾Õ  Ăîýwþ¯  ½¹  óºùć¿wÅ  Ïwĉ½  ø¤ÆĊÅ  øĊăvĀ·   Iºĉ¹  ½v¹¾z  ćwă¾Ċâ¤ù  ¢õw³  ø¤ÆĊÅ   Ăz   ĈöîÉ  āºþĉwúý  Ĉĉw¬zw«   ÿ  ¢Ý¾Å  

Ĉĉw¬zw« Ĉ{ýw« Ówêý  äö¤¸ù  ç½ÿ ¢Åv )wz Ă«Ā£ Ăz üĉv IÛĀÑĀù ½¹ üĉv ½wí ĈÞÅ Ĉù¹¹¾ñ  ìĉ ¾õ¾¤þí Ĉ{Åwþ£(Ĉê¤Êù Ăz ĈöîÉ  

Ĉå¾Þù  ¹¹¾ñ  Ăí  ¹Àýĉì¾£ĉü  ½w¤å½  üîúù  wz  ¾õ¾¤þí  LQR  v½  Ă¤Év¹  ºÉwz  )ºĊöí  üĉv  ÛĀÑĀù  ½¹  ûwîù Ĉzwĉ  yÅwþù  wă¾òÆ³  ùĈºÉwz  )

Ăz  üĉv  I½ĀÚþù  Áw¤õÿ  ĈõwúÝv  Ăz  ĂöÍÿ  ìĉ¾¤îõvÿÀĊ~  v½   Ăz¡½ĀÍ   Ĉ{Ċí¾£  ĈÖ·  ¿v  Ĉĉw¬zw«   ÿ  ¢Ý¾Å  Ĉĉw¬zw«  ĂÖêýćv  āvĀ¸õ¹  ¿v   ç½ÿ 

½¹  ¾Úý  Ĉù øĉ¾Ċñ  ) IÄ Å  ¡wÎ¤¸ù  ĂÕĀz¾ù  v½  Ăz  ĂýĀñćv  üĊĊÞ£  øĊăvĀ·   ¹¾í  Ăí  ½v¹¾z  ¡wÎ¤¸ù  øĊúÞ£  Ă¤åwĉ   ÿ  è¤Êù   Ĉýwù¿  ûj  

Ăí  ¾Ùwþ¤ù  wz  Ĉĉw¬zw«  ÿ  ¢Ý¾Å  Ĉĉw¬zw«  ĂÖêý  ¹½Āù  ¾Úý  Iºþ¤Æă  üĉ¾¤ÊĊz  Ĉîĉ¹Àý  üîúù  v½  wz  ½v¹¾z  ćwă¾Ċâ¤ù  ¢õw³   ø¤ÆĊÅ  

Ă¤Év¹  ºþÉwz  )ćv¾z  üĉv  ½wí  ¾z  ÃwÅv   Ăĉÿv¿ć  üĊz  ½v¹¾z  yĉv¾Ñ  ìzºĊå  ¾õ¾¤þí  LQR  ÿ  ½v¹¾z  ó¹wÞù  yĉv¾Ñ  ìzºĊå  ¾õ¾¤þí  Ĉê¤Êù (

£IĈ{Åwþ  ć½wĊÞù  v½  ćv¾z  ĄzĊ Ăþ ¿wÅć  ¢ĊÞéĀù  wă½ĀÆþÅ  Ătv½v   øĊăvĀ·  ¹¾í  )wĄý½¹ĉ¢  wz  ā¹wæ¤Åv  ¿v   ĂĊ{Éć¿wÅćwă  ć¹ºÝ  Ăz   Ĉzwĉ¿½v  

¹¾îöúÝ Çÿ½ ć¹wĄþÊĊ~ øĊăvĀ· ¢·v¹¾~ ) 

-̹ óºù¿wÅć  óĀù¾å ÿºþz ć 

  ôîÉ,    óĀÕ wz ½v¹¾Ċñ¾Å ìĉ ç½ÿ ìĉa    Ï¾Ý Ib    ¢ùw¸Ñ ÿh  Ĉù ûwÊý v½  Ĉ{ýw« ìĊýĀÅ¾~ĀÅ ûwĉ¾« Ï¾Þù ½¹ Ăí ºă¹

  ¢Ý¾Å wzὠ    )¹½v¹ ½v¾éÿ½ ¾z  ¹wÞzv wz ìĉ¾¤îõvÿÀĊ~ ĂöÍÿ ìĉ ç½ÿ üĉv ćὥ   Iὦ    ÿὬ    ¡wÎ¤¸ù ½¹ὼ   Iώ    üĉv )¢Åv āºÉ yÎý

  ĂöÍÿĂzûvĀþÝ  ĉ¾¤îõvÿÀĊ~ ĂöÍÿ Ăz ĈõwúÝv Áw¤õÿ )¹½v¹ āºĄÝ ¾z v½ ç½ÿ ¡wÉwÞ£½v ówÞå ó¾¤þí ĂæĊÙÿ ë¾´ù  Ĉĉw¬zw« ¿v Ĉ{ĉ¾Ñ ì

  ÇĒ£ Ăí I¢Åv ç½ÿ ¿v ĈÍw· ÓwêýùĈ¹ĀÉ  Ăz¡½ĀÍ    Ówêý üĉv Ĉĉw¬zw« ĂÞõwÖù üĉv ½¹ )ºýĀÉ xw¸¤ýv ĂþĊĄzMwå¾Í    ¡đ¹wÞù ½¹

  ćv¾z ĈÍw· Çÿ½ ÿ ¢Åv āºÉ ć½v¼òĉw«ā¿vºývñĊ¾Ĉĉw¬zw« üĉv ćĈù Ĉöí ¢õw³ ½¹ )¢Åv āºÊý ¹wĄþÊĊ~ wă  ĂöÍÿ ìĉ ¿v ûvĀ£

  ìĉ¾¤îõvÿÀĊ~Ăz ÝûvĀþ  Ĉù ½ĀÚþù üĉºz I¹¾í ā¹wæ¤Åv Ĉĉw¬zw« ½ĀÆÆþÅ  ¢Æĉwz§m£Ċ¡v¾    ½¹ ÀĊý ½ĀÆþÅ Èý¾í ÿ Èþ£ ¿v ĈÉwý

 ôîÉ ½¹ )¹¹¾ñ ôĊ·¹ ¡đ¹wÞù,   Ô·ώ π ûwÊýāºþă¹Ă{õ ć Ô· ÿ ç½ÿ Ăöú³ ćώ ὦ  ¢Åv ç½ÿ ½v¾å Ă{õ ) 

-̸̹-  øíw³ Ôzvÿ½ 

  Ü«¾ù ½¹837  ¹ ¡đ¹wÞùĉùwþĊîĈ    ¾z øíw³ ç½ÿwăć  ¸Ñ Mw¤{ÆýĊø  ¾« ½¹ĉûw  ýĀÅ¾~ĀÅĊì  āºÉ Ătv½vý ¾Ñw³ ½wí ½¹ )ºývĊÀ    ½¹

½Āu£ ¿v ā¹wæ¤Åv ÷wòþăć  ¸Ñ Mw¤{Æý ç½ÿĊIø  â£ ówúÝv wz Ăùv¹v ½¹ )¢Åv āºÉ ā¹wæ¤Åv Ôzvÿ½ ûwúă ¿vĊĊ£v¾Ĉ    ¡đ¹wÞù IÔzvÿ½ ûj ½¹

¹ĉùwþĊîĈ  v¾z øíw³ć  ½Āu£ć  ½ÿ ç  ù ©v¾¸¤Åv üù½wí ûÿ ë¿wýĈ¹¹¾ñv¾z )ć    ¢í¾³ ¡đ¹wÞù ©v¾¸¤ÅvùĈûvĀ£   Âýv¾ñđ Çÿ½ ¿v

5¹Āúý ā¹wæ¤Åv 

$,# 
Ὠ

Ὠὸ

‬Ὕ

‬ή

‬Ὕ

‬ή

‬Ὗ

‬ή
ὗ 

Ăí  ½¹  ûj  T  ćÁ¾ýv  IĈÊ{þ«  U  ćÁ¾ýv  IôĊÆýw¤~  q  ½v¹¾z  ¡wÎ¤¸ù  IĈùĀúÝ  Ñ  è¤Êù   Ĉýwù¿  ½v¹¾z  ¡wÎ¤¸ù   ĈùĀúÝ  ÿ  Q   ½v¹¾z 

ćwăÿ¾Ċý øĊúÞ£  Ă¤åwĉ ¢Åv )ćÁ¾ýv  ĈÊý¾í ôí ā¿wÅ ¿v ĂÖzv½ ¾ĉ¿ Ăz ¢Å¹ ùĈjĉº 5 

$-# Ὗ
ρ

ς
‐„

 

Ὠὠ
ρ

ς
‐„Ὠὠ Ὁ

  

ὈὨὠ 

 



w«ĉzwĈ ĄzĊĂþ v¾z wă½ĀÆþÅć åĊìzº «ÿ¾·Ĉ £w¤ÅvĊì ¾« ½¹ wă ç½ÿ ¾£Ēå ó¾¤þí ¢Ą«ĉûw ýĀÅ¾~ĀÅĊ ì  3- 
 

 ówÅ *ºþúÉĀă ÿ Ă¤å¾ÊĊ~ ¹vĀù ìĊýwîù,/+,*  ā½ÿ¹-*  ā½wúÉ, 

 
 ôîÉ, ç½ÿ wz ĂöÍÿ ~Ċ¾¤îõvÿÀĉì  ìĊýĀÅ¾~ĀÅ ûwĉ¾« Ï¾Þù ½¹ 

½¹  ĂÖzv½ć  đwz   ůI  Ů  IE  ÿD   Ăz  yĊ£¾£  ćwă½v¹¾z  IÈþ£  IÈý¾í  ûvºĊù  Ĉîĉ¾¤îõv  ÿ   Ăæõoùwăć   Ĉĉw¬zw«  Ĉîĉ¾¤îõv  ºþ¤Æă)V   ÿ  

pV  ÀĊý  Ăz  yĊ£¾£  ø¬³   ôí  ç½ÿ  ÿ ĂöÍÿć  ìĉ¾¤îõvÿÀĊ~  v½  ûwÊý  Ĉùºþă¹ )èzwÖù ć½Āu£  ûÿ  üù½wí    Èý¾í ½ĀÆýw£ÿ  Ăæõoùwăć   ûj  

èzwÖù Ôzvÿ½ ¾ĉ¿ üĊĊÞ£ ĈùºýĀÉ 5 

$.# 
ʀ ʀ ʀ ʀ ȟ 

ʀ Ú
Ћύ

ЋØ
ȟ             ʀ Ú

Ћύ

ЋÙ
ȟ             ʀ  ςÚ

Ћύ

ЋØ ЋÙ 
ȟ 

Ăí  ½¹  ûj  w    Ĉĉw¬zw« ĈÑ¾Ý  ç½ÿ  $½¹  ćw¤Åv½  z  #¢Åv  )¾zv¾z ûĀýwé  ëĀă  Èþ£   ÿ  Èý¾í   ½¹  ¹vĀù  ìĊ¤Åđv  ĂzÅÿĊĂö  ĂÖzv½  ¾ĉ¿ 

wz  øă Ów{£½v  ºý½v¹ 5 

$/# „ ὅ‐ 

Ăí ½¹ ûj C   Äĉ¾£wù yĉv¾Ñ ìĊ¤Åđv ¢Åv ÿ ćv¾z ¢õw³ Èþ£ Ă´æÍćv ½¹ ¢õw³ Ĉöí Ăz  ôîÉ ¾ĉ¿ Ă¤ÉĀý Ĉù¹ĀÉ5 

$0# ὅ

ὅ ὅ π
ὅ ὅ π
π π ὅ

 

Ôzvÿ½ ć½w¤·wÅ ćv¾z ¹vĀù ìĉ¾¤îõvÿÀĊ~ ÀĊý Ăz ôîÉ ¾ĉ¿ ĈùºþÉwz 5 

$1 # 
„ ὅ‐ ὩὉ  
Ὀ Ὡ‐ὯὉ 

Äĉ¾£wù çĀå Ôzvÿ½ ½¹  ćwă#    Ie    ÿk    Äĉ¾£wù ÿ ìĉ¾¤îõvÿÀĊ~ yĉv¾Ñ Iìĉ¾¤îõvÿÀĊ~ ĂöÍÿ ìĊ¤Åđv yĉv¾Ñ Äĉ¾£wù yĊ£¾£ Ăz

¢zw§  ćwă¹ć¾¤îõvĉì    IĈÑ¾Ý ćw¤Åv½ ½¹ wĄþ£ Ĉîĉ¾¤îõv ûvºĊù ówúÝv Ï¾å wz )ºþ¤Æă Ăæõoùwă ĂÖzv½ ¿v Ĉîĉ¾¤îõv ûvºĊù ć  ¾ĉ¿ ć

¢Å¹ Ăz Ĉù 5ºþĉj 

$2# Ὁ Ὁὠ ,            Ὁ π π ρ  

 ½¹ Ăí ûjὠ  ìĉ¾¤îõvÿÀĊ~ ĂöÍÿ Ăz ĈõwúÝv Áw¤õÿ ¾òýwĊzùĈºÉwz ) 

 ćwăÿ¾Ċý ½v¹¾z ÿ ôí ĈÊ{þ« ćÁ¾ývúÞ£ĊøĉĂ¤åw  ¾ĉ¿ ĂÖzv½¢Å¹ Ăz  Ĉù 5ºþĉj 

$3# Ὕ
”

ς
ύὨὠ

”

ς
ύ

  

Ὠὠ  

$4# ὗ ὖ
‬ύ

‬ή
Ὠὃ

 

 



3. ÅĊûvÿ¾ ¹wă¾å ćºÅv ûv¾ùwí I ć  

 

 ówÅ *ºþúÉĀă ÿ Ă¤å¾ÊĊ~ ¹vĀù ìĊýwîù,/+,*  ā½ÿ¹-*  ā½wúÉ, 

 

 đwz Ôzvÿ½ ½¹”   I”  ÿP      ç½ÿ Ăz ówĊÅ ¿v ā¹½vÿ ĈîĊùwþĉ¹ÿ¾ĉj ½wÊå ÿ ìĉ¾¤îõvÿÀĊ~ ĂöÍÿ Ĉõwò¯ Iç½ÿ Ĉõwò¯ yĊ£¾£ Ăz¢Åv  )

Ăz½ĀÚþù    üĉv )¢Åv āºÉ ā¹wæ¤Åv ûĀ¤ÆĊ~ óÿv Ă{£¾ù ć½Āu£ ¿v ć½Ā{Ý ûwĉ¾« ¿v ĈÉwý ç½ÿ ¾z ¹½vÿ ĈîĊùwþĉ¹ÿ¾ĉj ½wÊå Ă{Åw´ù

 ćv¾z ć½Āu£¾«ĉ ûwwă ¿v ¾£đwz µwù ¹ºÝ wz ½vºĉw~ ć1*,   üĊĊÞ£ ¾ĉ¿ ĂÖzv½ èzwÖù v½ ĈîĊùwþĉ¹ ½wÊåùĈºþí) 

$,+# ὖ  
”ὠ

‍

‬ύ

‬ώ
 
ρ

ὠ
 
ὓ  ς

ὓ  ρ

‬ύ

‬ὸ
 

 ½¹  çĀå Ôzvÿ½”   ÿὓ   ÿ Iºþ¤Æă ûwĉ¾« µwù ¹ºÝ ÿ vĀă Ĉõwò¯ ¾òýwÊý‍  ὓЊ 
ς ρ   )¢Åv 

 ā¹wæ¤Åv À¤ĉ½ yĉ¾ê£ Çÿ½ ¿v Ĉĉw¬zw« ûvºĊù Ăæõoù yĉ¾ê£ ćv¾zùĈ¹ĀÉ) 

$,,# ύ ὧ Ὃὼ ȟώ  ὼ  ώȟ       Ὃὼ ȟώ ὼ 

  ½¹  çĀå ĂÖzv½ὧ    Ĉýwù¿ ¢zw§  ὼ    ÿ  ώ    ÿ ć½wĊ¤·v ÜzvĀ£Ὃὼ ȟώ    ć¿¾ù Ôĉv¾É Ăí ¢Åv Ĉý¿ÿ Üzw£ĂöuÆù    v½

  wÑ½vùĈºþí )  N    ÿM    ćwăw¤Åv½ ½¹ yĉ¾ê£ Üzw£ ¡Ēú« ¹vºÞ£x    ÿy    v½ çĀå yĉ¾ê£ ĂÖzv½ )ºþ¤ÆăùĈûvĀ£    ôîÉ Ăz ĈÆĉ¾£wù ÷¾å ½¹

 )¹¾í ĈÆĉĀý¿wz ¾ĉ¿ 

$,-# ύ ὔήȟ    ή ὧ ὧ Ễ ὧ  

N  I  ÿ ôîÉ ÜzvĀ£ Äĉ¾£wùq    üĉv ¾z āÿĒÝ I¢Åv Ă¤åwĉ øĊúÞ£ ¡wÎ¤¸ù ½v¹¾zc    ½v¹¾zîÊ£ĊôāºÉ    ¹Ā«Āù Ĉýwù¿ yĉv¾Ñ ¿v ôÍw³

 ĂÖzv½ ½¹$,,# )¢Åv 

  ¾ĉ¿ ĈÆĉ¾£wù ćwă½Ā£v¾~v äĉ¾Þ£ wz 

$,.# ὒ
‬

‬ώ
ὔȟ       Ὓ ὄὔȟ            ὄ ᾀ

‬

‬ὼ
ᾀ
‬

‬ώ
ςᾀ

‬

‬ὼ ‬ώ 
 

 Ôzvÿ½ ć½v¼òĉw« ÿ-  w£,/  ĂÖzv½ ½¹ ć, ¢í¾³ Ăõ¹wÞù IúÞ£Ċø ĉĂ¤åw  ¾ĉ¿ ÷¾å Ăz¢Å¹ Ăz ùĈj ĉº ) 

$,/# ὓή ὅή ὑ ὑ ή Ὂὠ 

  ½¹ Ăí  ûj¾£wùĉÄwă  ćM  IK   Iὅ    ÿὑ    yĊ£¾£ Ăz¾£wùĉÄwă  ìĊùwþĉ¹ÿ¾ĉj Ĉ¤¸Å ÿ ìĊùwþĉ¹ÿ¾ĉj ëĒĄ¤Åv IĈ¤¸Å I÷¾« ć

 ÿ ºþ¤ÆăF  5¢Åv ìĉ¾¤îõvÿÀĊ~ ¾òöúÝ ½v¹¾z 

$,0# ὓ ” ὔ ὔ Ὠὠ ” ὔ ὔ Ὠὠ

  

 

 ὑ Ὓ ὅὛ Ὠὠ Ὓ  ὅὛ Ὠὠ

  

 

 ὅ
”ὠ 

‍

ὓ  ς

ὓ  ρ
ὔ ὔ

 

Ὠὃ 

 ὑ
”ὠ

‍
ὔ 

 

ὒ Ὠὃ 

 Ὂ
ρ

Ὤ
Ὓ ὩὉὨὠ

 

 

 ĂÖzv½,/  v½ùĈûvĀ£  Äĉ¾£wù ìúí wz 5¹Āúý ôê¤þù ¢õw³ ćwÒå Ăz ø¤ÆĊÅ ćwă¹Āù ôîÉ 



w«ĉzwĈ ĄzĊĂþ v¾z wă½ĀÆþÅć åĊìzº «ÿ¾·Ĉ £w¤ÅvĊì ¾« ½¹ wă ç½ÿ ¾£Ēå ó¾¤þí ¢Ą«ĉûw ýĀÅ¾~ĀÅĊ ì  3/ 
 

 ówÅ *ºþúÉĀă ÿ Ă¤å¾ÊĊ~ ¹vĀù ìĊýwîù,/+,*  ā½ÿ¹-*  ā½wúÉ, 

$,1 # ή   ὢ 

  ûj ½¹ Ăíὢ     IüĊþ°úă )¢Åv óv¹Āù ćwÒå ÷¾å ½¹ ø¤ÆĊÅ ¢õw³ ćwă¾Ċâ¤ù ½v¹¾z    ½¹ ¢Åv ø¤ÆĊÅ ćwă¹Āù ôîÉ Äĉ¾£wù

   ĂõmÆù  āÂĉÿ  ćwă½v¹¾z$  ¢Åv  ø¤ÆĊÅ  āÂĉÿ  ćwă½v¹¾z  ¿v  Ĉîĉ  āºþĉwúý  Iûj  ûĀ¤Å  ¾ă  ÿ  ¢Åv  ¹v¿j  ¢õw³ 

ὓή ὑή π ĂÖzv½ Iówê¤ýv üĉv ¿v ā¹wæ¤Åv wz )#,/ É Ĉù ĈÆĉĀý¿wz ¾ĉ¿ ôîÉ Ăz 5¹Ā 

$,2# ὓὢ ὅӶὢ ὑ ὑ ὢ Ὂὠ 

ûj ½¹ Ăí 

$,3# 
ὓ ‰ὓ ‰ȟ            ὅӶ ‰ὅ ‰ȟ            ὑ ‰ὑ ‰ȟ 

+ &             ȟה +ה        Ȣ& ה

£½ĀÍ½¹ ĈĂí    ¿v ć¹vºÞ£ ¿v ûĀ¤Åwă  Äĉ¾£wù ć     wz ¾Ùwþ¤ù ćwă¹Āù ôîÉ IºýĀÉ ã¼³ûjwă    ø¤ÆĊÅ ½w¤å½ ¿vã¼³āºÉ    óºù ÿ

 )ºĉ¹¾ñ ºăvĀ· ©v¾¸¤Åv ø¤ÆĊÅ Ă¤åwĉ Èăwí 

-̹̹- ¢õw³ ćwă¾Ċâ¤ù ó¾¤þí 

  Çÿ½ ¿v ā¹wæ¤Åv ćv¾z  ¢õw³ ćwă¾Ċâ¤ù ½v¹¾z äĉ¾Þ£ wz I¢õw³ ćwă¾Ċâ¤ù ìzºĊåZ  ĂÖzv½ I,0    ¢õw³ ćwÒå ½¹ v½Āý¿wzĉÆĈ  

Ĉù 5øĊþí 

$,4# 
ὤ ὃὤ ὄὠȟ        ὤ ὢ

ὢ
ȟ                 

ὃ
ὓ π
π Ὅ

Ȣ
ὅ ὑ ὑ
Ὅ π

ȟ                     ὄ
ὓ π
π Ὅ

Ȣ
Ὂ
π
  

ĂÚ³Ēù  Ĉù¹¹¾ñ  ½v¹¾z  ćwă¾Ċâ¤ù  ¢õw³  ø¤ÆĊÅ  ¿v  yĊí¾£  ½v¹¾z  ¡wÎ¤¸ù  úÞ£ĊøĉĂ¤åw  ÿ  è¤Êù  Ĉýwù¿  ûj  ôĊîÊ£  āºÉ  ¢Åv  

ÿ  üĉv¾zwþz  ùĈûvĀ£  ûj  v½   ĈÞzw£  ¿v   Ĉĉw¬zw«   ÿ  ¢Ý¾Å   Ĉĉw¬zw«  Ówêý  äö¤¸ù   ç½ÿ  ¢Æýv¹  )½¹  ìĉ  ¾õ¾¤þí  LQR   Ĉ{ĉv¾Ñ  ¿v  ćwă¾Ċâ¤ù  

¢õw³ ø¤ÆĊÅ Ăz ûvĀþÝówþòĊÅ Ĉõ¾¤þí ìzºĊå ā¹v¹ ĈùºýĀÉ 5 

$-+# ὠ ὑ ὤ ὑρ ὢ ὑς ὢ 

Ăí  ½¹  ûj  CK  Äĉ¾£wù  yĉv¾Ñ  ā¾Ąz  Äĉ¾£wù ¾ĉ¿ ÿ ¢Åvćwă  K1  ÿ  K2    ÷vºí¾ăĈÊ¸z  ¿v  Äĉ¾£wù  yĉv¾Ñ  ā¾Ąz   ºþ¤Æă 

$=[K1   K2]CK #  Ăí   Ăz  yĊ£¾£   āºþĉwúý  yĉv¾Ñ  ¡wÎ¤¸ù  úÞ£Ċø ĉĂ¤åw  ÿ  ¡wê¤Êù   Ĉýwù¿  ¡wÎ¤¸ù  úÞ£ ĊøĉĂ¤åw ½¹  ÷¾å ćwÒå   ¢õw³  

ùĈ ºþÉwz ) Çÿ½ ½¹LQR   Äĉ¾£wù  yĉv¾Ñ ā¾Ąz wz ĂþĊúí û¹Āúý Üzw£   ãºă ¾ĉ¿  ù ¢Å¹ ĂzĈjĉº 5 

$-,# ὐ ὤὗ ὤ ὠὙ ὠ Ὠὸ 

Ăí  ½¹  ûj  ¾£wù ĉÄwăć  Q  ÿ  R  Ăz  yĊ£¾£  ¾£wùĉÄwăć  yĉv¾Ñ  Ĉý¿ÿ  ćwă¾Ċâ¤ù  ¢õw³   ÿ  ¹ÿ½ÿćwăć   Ĉõ¾¤þí  ºþ¤Æă  )wùv  ćwă¾Ċâ¤ù  

¢õw³  ø¤ÆĊÅ  v½  úýĈûvĀ£  MwúĊê¤Æù  ¢Å¹ Ăz   ¹½ÿj   ÿ   ºĉwz  ûj wă  v½  wz ìúí  ā¹v¹wăć  Ăz¢Å¹ āºùj  ¿v  ćwă½ĀÆþÅ   IĈĉw¬zw«  ¢Ý¾Å   ÿ  

wĉ  xw¤É  üĊú¸£  ¹¿  )üĉv  ½wí  ºþù¿wĊý  ā¹wæ¤Åv  ¿v  ìĉ  ¾£ĀĊ ùwí  ½wĊÆz  Üĉ¾Å  ćv¾z  ÷w¬ýv  ¡w{Åw´ù  ½¹  ûwù¿  ½wĊÆz  øí  ¢Åv  w£   ûvĀ¤z 

wz  ¾Ċ·m£   Ĉýwù¿  ÀĊ¯wý   ćwă¾Ċâ¤ù  ¢õw³  v½  ìzºĊå  ¹v¹  )üúÑ  Ăîýj  ćwăwÖ·  ć¹ºÝ  ÀĊý  ùĈºþývĀ£  ÛĀÑĀù  v½   ~Ċ°Ċāº¾£  ºþĉwúý  )Ăîýwþ¯  

Ă¤æñ  IºÉ  ½v¹¾z  ćwă¾Ċâ¤ù  ¢õw³  ø¤ÆĊÅ  Ăz  ĈöîÉ  āºþĉwúý  Ĉĉw¬zw«  ÿ  ¢Ý¾Å  Ĉĉw¬zw«  Ĉ{ýw«   Ówêý  äö¤¸ù   ç½ÿ  ¢Åv  )wz   Ă«Ā£ 

Ăz üĉv ÛĀÑĀù ½¹ ĈÞÅ ùĈ¹¹¾ñ ìĉ ¾õ¾¤þí Ĉ{Åwþ£(Ĉê¤Êù Ăz ĈöîÉ Ĉå¾Þù  ¹¹¾ñ Ăí ¹Àýĉì¾£ĉü ½w¤å½ üîúù  wz ¾õ¾¤þí LQR  

v½  Ă¤Év¹  ºÉwz  )ºĊöí   üĉv  ÛĀÑĀù  ½¹  ûwîù ĉzw Ĉ   yÅwþù   wă¾òÆ³   ùĈ ºÉwz  )Ăz  üĉv  I½ĀÚþù  Áw¤õÿ  ĈõwúÝv   Ăz  ĂöÍÿ  ìĉ¾¤îõvÿÀĊ~   v½ 

Ăz¡½ĀÍ Ĉ{Ċí¾£ ĈÖ· ¿v Ĉĉw¬zw« ÿ ¢Ý¾Å  ĂÖêývć āvĀ¸õ¹ Ăz ¡wÎ¤¸ù $s,ysx #½¹ ¾Úý  ùĈñĊ¾ĉø 5 

$--# ὠ ὑ  ύὼȟώ Ὕύὼȟώ  

Ăí  ½¹  ûj  PK  ÿ  dT  yĉ¾Ñ  yÅwþ£  ÿ  ¢zw§  Ĉýwù¿  ¾õ¾¤þí  ºþ¤Æă  )wz  ā¹wæ¤Åv  ¿v   ĂÖzv½ćwă  ,-I  ,1  ÿ  ,4I  Ăõ¹wÞù  đwz  v½  ĈùûvĀ£  
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 ówÅ *ºþúÉĀă ÿ Ă¤å¾ÊĊ~ ¹vĀù ìĊýwîù,/+,*  ā½ÿ¹-*  ā½wúÉ, 

 

Ăz ôîÉ ¾ĉ¿ ÀĊý ûwĊz ¹¾í 5 

$-.# ὠ ὑ ὑὤȟ            ὑ  Ὕὔȿȟ‰ ὔȿȟ‰Ȣ 

  ¾ñv¤z  v½ ½ĀÆþÅ ¢ĊÞéĀù øĊývĀĂz ĂýĀñvć    Ăí øĊĉwúý üĊĊÞ£ὑ Ὕὔȿȟ‰ ὑρ     üĊþ°úă ÿὑ ὔȿȟ‰ ὑς     ½¹ IºÉwz

Ĉ{Åwþ£ ¾õ¾¤þí ¡½ĀÍ üĉv (    ¾õ¾¤þí ó¹wÞù MwêĊé¹ Ĉê¤ÊùLQR    ¢Åv üîúù ½wí üĉv ôúÝ ½¹ )¹Āz ºăvĀ·ûwîùv ¼~ĉ¾    wùv )ºÉw{ý

ùĈývĀ£Ċø    äĉ¾Þ£ ¦´z ¹½Āù ćwă½v¹¾z üĊz Ăĉÿv¿ ÃwÅv ¾z Ăí ¾ĉ¿ ćwă½wĊÞù û¹Āúý ĂþĊÊĊz ¿vāºÉ ºýv  üĉ¾¤úí Ăz ûºĊÅ½ ćv¾z I

¹¾z üĊz ãĒ¤·v 5øĊĉwúý ā¹wæ¤Åv ¦´z ¹½Āù ćwă½v 

$-/# ὅὕὛρ
ὔȿȟ‰ ὑρ

ὔȿȟ‰ᴁὑρᴁ
ȟ        ὅὕὛς

ὔȿȟ‰ ὑς

ὔȿȟ‰ᴁὑςᴁ
 

Ĉê¤Êù ìzºĊå ćv¾z Ĉĉw¬zw« ½ĀÆþÅ Ĉzwĉw« ćv¾z Ĉõwú¤³v ĂþĊĄz ¢ĊÞéĀù üĊĊÞ£ ¿v Ä~(  IĈ{Åwþ£  ¿v ć¾ĉ¹wêùTd    üĊĊÞ£ v½

ùĈþíĊ ø  ½v¹¾z üĊz Ĉîĉ¹Àý üĉ¾¤ÊĊz Ăí     ìzºĊå yĉv¾ÑK    ÿSK    Ôzvÿ½ ¿v-+    ÿ-.    ¹w¬ĉv v½ùĈwúýĉ º û¹Āúý ĂþĊÊĊz wz ½wí üĉv )

 ÷w¬ýv ¾ĉ¿ ½wĊÞù ùĈ¹¹¾ñ 5 

$-0# ὅὕὛσ
ὑ ὑ

ᴁὑᴁᴁὑᴁ
 

 È¸z ½¹.(- Çÿ½ I ôĊÎæ£ Ăz Ĉýwù¿ ¢zw§ ÿ yÅwþ£ yĉ¾Ñ üĊĊÞ£¦´z¹½Āù ¢Åv Ă¤å¾ñ ½v¾é) 

-̺  ªĉw¤ý 

-̸̺- ¢´Í  Ĉ¬þÅ   Ôzvÿ½   øíw³ 

j Ăz ÓĀz¾ù ¦³w{ù ½¹ĉ¤Åđvÿ¾ĊÆ ĊIĂ¤    ½w¤å½ĉì  ÅĊø¤Æ  úí yÆ³¾z MđĀúÞùĊ¢  ¹ ½wÊå ºÞz ûÿºzĉùwþ ĊîĈ  $ɚ  z #Ċûw  ùĈ ¹ĀÉ  

¿ ĂÖzv½ wz Ăíĉ¾ ù Ì¸ÊùĈ¹ĀÉ 5 

$-1 # ɚ
ʍ6ὥ

Ὀ
 ȟ Ὀ

# È

ρς
 

  ûj ½¹ Ăí ὅ  Iç½ÿ Ĉ¤¸Å Äĉ¾£wù ¿v Ăĉv½¹ üĊõÿv D  ÿ ç½ÿ ĈÊú· Ĉ¤¸Åh  ûwúă )¢Åv ûj ¢ùw¸Ñ  Ôzvÿ½ ¿v Ăí ĂýĀñ

Ĉù ç½ÿ ¹wÞzv ÿ Äþ« ÿ Iûwĉ¾« ¢Ý¾Å Ić½Ā{Ý ówĊÅ Ĉõwò¯ Ăz Ă¤Æzvÿ ¢Ċúí üĉv I¢ÅvºĊ~  ĈîĊùwþĉ¹ ½wÊå Ă{Åw´ù ćv¾z )ºÉwz

  ¡wÎ¤¸ù ½v¹¾z û¹Āz ìĊýĀù½wă Ï¾å wz IĈõ¾¤þí Áw¤õÿ xwĊá ½¹ ç½ÿúÞ£ĊøĉĂ¤åw   $ή ή Ὡ ĂÖzv½ ½¹ ûj ć½v¼òĉw« ÿ #  ć,0  I

 ĂzĂöuÆù Ĉù ¾ĉ¿ āÂĉÿ ½vºêù 5øĊÅ½ 

$-2# ὓ‌ ὅ‌  ὑ  ὑ  ή  π 

 đwz ĂÖzv½ xvĀ« Ĉöí ¢õw³ ½¹Ăz¡½ĀÍ  ÷¾å Ăz ÿ Ôö¤¸ù5¢Åv ¾ĉ¿ 

$-3# ‌ Ὥ‫ 

  ĂÖzv½ ô³ wz-2   Ĉù ĂÚ³Ēù I ĈîĊùwþĉ¹ ½wÊå äö¤¸ù ¾ĉ¹wêù ćv¾zì¯Āí ¾ĉ¹wêù ½¹ Ăí ¹ĀÉ  ɚ    I  āÂĉÿ ½vºêù ĈêĊê³ È¸z

$ûwÊý Ăí #āºþă¹ Ĉù Ĉæþù I¢Åv ç½ÿ ¡wÉwÞ£½v ëĒĄ¤Åv µ¾ý ć  üĉv )ºÉwz  ÿ āºÉ ìöĄ¤Æù ç½ÿ ¡wÉwÞ£½v Ăí ¢ÅwþÞù ûvºz

 Ă¤·wþÉ Ĉýv¾´z ĈîĊùwþĉ¹ ½wÊå ûvĀþÝ wz MđĀúÞù Ăí Ì¸Êù ½vºêù ìĉ ¿v ½Ā{Ý ÿ ĈîĊùwþĉ¹ ½wÊå ÈĉvÀåv wz )¢Åv ½vºĉw~ ç½ÿ

Ĉù $ ¹ĀÉɚ    ¢Ċúí #  Ĉù ½vºĉw~wý ĂĊ³wý ¹½vÿ ç½ÿ ÿ āºÉ ¢{¨ù  )¹ĀÉĂz½ĀÚþù    Ĉ¬þÅ ¢´Íóºù¿wÅć wă  ć÷w¬ýv āºÉ  ÿ¹ ćv¾z I

½ÿ Ĉýv¾´z ½wÊå IĈúĊþĊùĀõj ĂöÍÿ ìĉ wz ÿ ĂöÍÿ ûÿºz ¢õw³  Ü«¾ù ªĉw¤ý wz ÿ āºÉ Ă{Åw´ù ç83 7    üĊõºþĊù ç½ÿ ć½Āu£ wz Ăí

Ăz¢Å¹āºùjºýv ¾ĉ¿ ôîÉ ÜzvĀ£ xw¸¤ýv ÿ ºÞz ûÿºz ¾ĉ¹wêù äĉ¾Þ£ wz ĂöÍw³ ªĉw¤ý )¢Åv āºÉ ĂÆĉwêù IĂz¢Å¹āºùjºýv 5 
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$-4# 

ɮ Ø ὼȟ           ɰ Ù ώ ȟ 

Ὤ

ὥ
ȟ             ‏

ὥ

ὦ
ȟ          ὥ

ὥ

ὥ
ȟ            ὦ

ὦ

ὦ
 

Ὤ
Ὤ

Ὤ
ȟ ὢ

ὢ

ὥ
ȟ        ὣ

ὣ

ὦ
ȟ            А

ὦʍ

Ὤʍ
 

 5¢Åv āºÉ ā¹wæ¤Åv ¾ĉ¿ ć¹wÞzv ćwă ¢Ċúí ¿v ĂÆĉwêù üĉv ÷w¬ýv ćv¾z üĊþ°úă 

$.+# ὥ πȢτ ά ȟ ‏ τȾσȟ      πȢπρȟ    ὥ ρȾτȟ ὦ υȾσπȟ     Ὤ ρȾτ 

  ćv¾z ĂÞõwÖù üĉv ½¹óºù¿wÅ  ìĉ¾¤îõvÿÀĊ~ ĂöÍÿ ÿ ĈúĊþĊùĀõj ç½ÿ ćPZT5H    ĈîĉÀĊå ¡wĊÍĀÎ· ¿vāºÉ¾í»    óÿº« ½¹,  

  óÿº« )¢Åv āºÉ ā¹wæ¤Åv-    Ĉýv¾´z ½wÊåĂz¢Å¹āºùj  öÍÿ ûÿºz ĈúĊþĊùĀõj ç½ÿ ćv¾z  Ü«¾ù ªĉw¤ý wz ĂÆĉwêù ½¹ v½ Ă837    ûwÊý

Ĉù  ĂÚ³Ēù )ºă¹ùĈ¹ĀÉ    ªĉw¤ý ãĒ¤·v ĂíĂz¢Å¹ āºùj   ć½Āu£ ãĒ¤·v Ăz Ă«Ā£ wz Ăí ¢Åv ºÍ½¹ ìĉ ¹ÿº³ ½¹  ćwăā¹wæ¤ÅvāºÉ  I

  ćv¾z Ĉýv¾´z ĈîĊùwþĉ¹ ½wÊå ¾ĉ¹wêù )¢Åv ĈzĀ· ½wĊÆz ¢é¹ ćv½v¹wúýw«Ĉĉwăć  ĂöÍÿ äö¤¸ùĂöÍÿ ÿ ìĉ¾¤îõvÿÀĊ~ ć  ćùĀõjĊþĊùĀĈ  

 ôîÉ ½¹-  IãĒ¤·v Ĉíºýv wz Ăí ¢Åv āºÉ ā¹v¹ ûwÊýôzwéwêùĉĂÆ  ôîÉ wz-  Ü«¾ù ¿v837 ¢Åv) 

 óÿº«,  ìĉ¾¤îõv ÿÀĊ~ ĂöÍÿ ÿ ĈöÍv ç½ÿ ËvĀ· 

 ὅ (GPa) ὅ (GPa) ὅ (GPa) ὅ (GPa) ”
ὯὫ

ά
 

÷ĀĊþùĀõj 76.92 23.08 76.92 26.92 2700 

PZT5H 130.6 85.66 135.8 22.99 7740 
 

óÿº«  - ĂÆĉwêù ½wÊå Ĉýv¾´z Ă{Åw´ù āºÉ ½¹ èĊê´£  ¾Ñw³ ÿ ½vºêù  ¹Ā«Āù 

 ½Āu£$ āºÉ Ă{Åw´ùć  #ë¿wý ç½ÿ  # üĊõºþĊù ç½ÿ ć½Āu£$  738 Ü«¾ù ½vºêù  ºÍ½¹ Ăz ãĒ¤·v 

 ç½ÿ Ĉýv¾´z ½wÊå 145.3 143.8 1.043 
 

 
ôîÉ -  ½wÊå Ĉýv¾´z Ă{Åw´ù āºÉ ¾z yÆ³ Ĉĉwúýw« ćwă äö¤¸ù ĂöÍÿ  äõv( ćv¾z ìĉ ĂöÍÿ  Iìĉ¾¤îõvÿÀĊ~  x( ćv¾z ìĉ ĂöÍÿ  

ĈùĀĊþùĀõj 

-̹̺- ªĉw¤ý   ć¹ºÝ 

Ăz  ½ĀÚþù  ā¹wæ¤Åv wz Iìĉ¾¤îõvÿÀĊ~ ĂöÍÿ ûwîù xw¸¤ýv    ā½wúÉ Ü«¾ù ¿v ôÍw³ ªĉw¤ý ¿v837 $ ¢ĊÞéĀù Iὼ υχȾψπȟώ π   #

Ăz  ûvĀþÝ    ĈîĊùwþĉ¹ ć½vºĉw~ ½wĊÞù ÃwÅv ¾z ¢ĊÞéĀù üĉv IÜ«¾ù ûj ½¹ )¢Åv āºÉ xw¸¤ýv ë¾´ù ìĉ¾¤îõvÿÀĊ~ ĂöÍÿ ĂþĊĄz ¢ĊÞéĀù

¢Å¹ Ăz    wz vº¤zv ½¹ Iìĉ¾¤îõvÿÀĊ~ ĂöÍÿ ¢ĊÞéĀù üĊĊÞ£ ¿v Ä~ )¢Åv āºùjā¾ĄzñĊ¾ć   ć¿wÅ½vºĉw~ IøĊ¸Ñ ç½ÿ ÿ ë¿wý ç½ÿ óºù ¿v

ĈîĊùwþĉ¹ ½wÊå ½¹ ç½ÿ ¾£Ēå-4+  ʇ    Ówêý Ĉĉw¬zw« ìzºĊå ĂöĊÅÿ Ăzäö¤¸ù    ½¹ ½ĀÚþù üĉv Ăz )¢Åv Ă¤å¾ñ ½v¾é ĈÅ½¾z ¹½Āù

  ĂÖzv½--    ¢zw§dT  v¹ ½v¾é ¾æÍ ¾zv¾z v½ yĉ¾Ñ ÈĉvÀåv wz ÿ ā¹PK    ¹½Āù Áw¤õÿ Ă{Åw´ù ½ĀÚþù Ăz )¹ĀÉ ½vºĉw~ ç½ÿ w£ ¢Åv āºÉ ÇĒ£
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 ówÅ *ºþúÉĀă ÿ Ă¤å¾ÊĊ~ ¹vĀù ìĊýwîù,/+,*  ā½ÿ¹-*  ā½wúÉ, 

 

 Ă¤å¾ñ ¾Úý ½¹ ĂĊõÿv Ôĉv¾É ûvĀþÝ Ăz #¢Åv ć½vºĉw~wý ºÞ¤Æù vĀă ûwĉ¾« wz ôzwê£ ½¹ Ăí$ ç½ÿ ¢Æ¸ý ĈÉwÞ£½v ¹Āù ¿v Ĉ{ĉ¾Ñ I¿wĊý

ĂýĀñ Ăz I¢Åv āºÉ $ ç½ÿ ¿v Ì¸Êù ĂÖêý ìĉ Ĉĉw¬zw« Ăí ćvØ Á ȟÙ ὦȾτ   ºÉwz ç½ÿ ¢ùw¸Ñ äÎý  ¾zv¾z #ύ Ὤϳ πȢυ  )

  ôîÉ.(vĈù ûwÊý v½ ç½ÿ ĂĊõÿv Ĉĉw¬zw« äõ½wÊå ½¹ ç½ÿ ć½vºĉw~ ¢Ą« ¾æÍ ûwù¿ ½¹ ¿wĊý ¹½Āù ĈõwúÝv Áw¤õÿ )ºă¹  ĈîĊùwþĉ¹ ćwă

ÞéĀù ÃwÅv ¾z ÿ äö¤¸ù  ôîÉ ½¹ ½ĀÆþÅ ¢Ċ/  āºÉ ā¹v¹ ûwÊý  ćºþz Èù ìĉ ¿v ā¹wæ¤Åv wz ç½ÿ ôí IôîÉ üĉv ĂĊĄ£ ćv¾z )ºýv

,,%,+    ôîÉ )¢Åv āºÉ ćºþz øĊÆê£/(  ªĉw¤ý äõvĂz¢Å¹ āºùj    ôîÉ ÿ ë¿wý ç½ÿ ć½Āu£ ¿v/(ÿ ć½Āu£ ¿v ôÍw³ ªĉw¤ý x  ç½

 ă¹ Ĉù Èĉwúý v½ øĊ¸Ñ Mw¤{Æýº  Ĉ³vĀý ¾ĉÿwÎ£ üĉv ½¹ )£Ċā¾¾£  ûwÊý āºþă¹  Ĉù ¾¤úí ¿wĊý ¹½Āù Áw¤õÿ wz  PĒúÝ Ĉ³vĀý Ĉ·¾z ½¹ )ºÉ

 ć½vºĉw~ Ăz ĈzwĊ¤Å¹ ûwîùv áĊüîúù¾ ùĈºÉwz  ā½wzÿ¹ ¹ÿ½ÿ ºÞ¤Æù ø¤ÆĊÅ Iā¾Ąz yĉ¾Ñ ÈĉvÀåv wz ÀĊý Ĉ³vĀý ¾òĉ¹ ½¹ Ăîýj üúÑ )

Ĉù ĂÚ³Ēù )¢Åv ć½vºĉw~wý ā¹ÿº´ù Ăz  ¡ÿwæ£ ¹¹¾ñôzwéĄ«Ā£Ĉ    ªĉw¤ý üĊzĂz¢Å¹ āºùj    wz )¹½v¹ ¹Ā«ÿ ¦´z ¹½Āù ć½Āu£ ÿ¹ ¿v

Ă«Ā£    ôîÉ Ăz/(  ĂÚ³Ēù xùĈ¹¹¾ñ    Ĉĉw¬zw« û¹v¹ ìzºĊå Ăí Ĉ³vĀý Ăíûjwă  úýĈºývĀ£   ½wĊÆz I¹ĀÉ ¾£Ēå ó¾¤þí Ăz ¾¬þù

ā¹¾¤Æñ¾£    ¿v¯ ûj ĊÀć  ÈĊ~ ë¿wý ç½ÿ ć½Āu£ ÔÅĀ£ Ăí ºþ¤Æă  ĈþĊzùĈ¹ĀÉ    ôîÉ$/(  ûwÊý ôîÉ üĉv üĊþ°úă )#äõvùĈ ºă¹  

  wz ÀĊý Ĉĉw¬zw« ìzºĊå ćv¾z ĂþĊĄz Ówêý ĂíĂ°ýj    ë¿wý ç½ÿ ć½Āu£ ôîÉ ÔÅĀ£ ~ ĊÈzĊþĈ  ùĈ¹¹¾ñ  ¡ÿwæ£ IôzwéĄ«Ā£Ĉ    )ºý½v¹

)¹v¹ øĊăvĀ· ½v¾é ¦´z ¹½Āù Ăùv¹v ½¹ v½ ÛĀÑĀù üĉv ôĊõ¹ 

 
 ôîÉ.  É øĊÚþ£ ćv ĂýĀñ Ăz Ĉĉw¬zw« Ăþùv¹ Iyĉ¾Ñ ìĉ ówúÝv wz )ç½ÿ øă¹ ÿ óÿv ĈÉwÞ£½v ¹Āù ôîÉ Ĉĉw¬zw« üĉ¾¤ÊĊz Ăí ¢Åv āº

ºÉwz ûj ¢ùw¸Ñ äÎý ¾zv¾z ç½ÿ ĈÑ¾Ý 
 

 
 ôîÉ/(  õwúÝv Áw¤õÿĈ ~ ĂöÍÿ Ăzìĉ¾¤îõvÿÀĊ  í$ĀöĊ  v¾z ¾æÍ ûwù¿ ½¹ #¢õÿć w~ć¿wÅ½vºĉ å ÔÅĀ£ ç½ÿ ¾£ĒåìzºĊ w¬zw«Ĉĉ   Ówêý

¹ ½wÊå ½¹ ç½ÿ äö¤¸ùĈîĊùwþĉ -4+6ɚ) 

  Ăz Ă«Ā£ wzôîÉwăć  /(  ÿ äõv/ ( ~ )ºþ¤Æă ¢õÿĀöĊí Ă{£¾ù ¿v ¿wĊý ¹½Āù Ĉõ¾¤þí ćwăÁw¤õÿ Ix  óÿº« ½¹ ¾¤ÊĊ3    Ü«¾ù ¿v83 7  
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 ówÅ *ºþúÉĀă ÿ Ă¤å¾ÊĊ~ ¹vĀù ìĊýwîù,/+,*  ā½ÿ¹-*  ā½wúÉ, 

  Ĉõ¾¤þí Çÿ½ ¿v ā¹wæ¤Åv ¡½ĀÍ ½¹ Ăí ¹Āz āºÉ Ç½vÀñLQR  ¾í» ¢ĊÞéĀù ½¹ ìĉ¾¤îõvÿÀĊ~ ĂöÍÿ û¹v¹ ½v¾é wz ÿ    ¾¨ívº³ IāºÉ

Ĉù v½ ĈõwúÝv Áw¤õÿ¾z )¹Āúý ¹ÿº´ù ¢õÿ ā¹ ºþ¯ º³ ½¹ ûvĀ£  Ü«¾ù ªĉw¤ý ¢´Í ¿v ûwþĊúÕv ćv837  Ĉ£w{Åw´ù ćwăºí vº¤zv ½¹ I

 ûj¾ñ ½v¾é ā½wzÿ¹ ĈÅ½¾z ¹½Āù Ü«¾ùć½Āu£ ªĉw¤ý ¡ÿwæ£ üĊþ°úă ÿ ºþ¤å  ¾¨ívº³ üĊú¸£ ½¹ øĊ¸Ñ Mw¤{Æý ç½ÿ ÿ ë¿wý ç½ÿ ćwă

  I¿wĊý ¹½Āù Áw¤õÿ üĉv ½¹ )ºýºĉ¹¾ñ ĂÞõwÖùz¿wzĊþĈwă  5øĉºĊÅ½ ¾ĉ¿ ªĉw¤ý Ăz 

,(  ½¹ Ü«¾ù 83 7  wÝ¹v  āºÉ ¢Åv  Ăí ćv¾z ó¾¤þí ¾£Ēå ç½ÿ  wz ā¹wæ¤Åv ¿v  Çÿ½ LQR I ìĉ   óºù ĈîĊùwþĉ¹  ÈăwíĉĂ¤åw wz ,+  

Ă«½¹  ć¹v¿j  ¹½Āù  ā¹wæ¤Åv  ½v¾é  Ă¤å¾ñ  ¢Åv  )IÄ Å  Ĉ{ĉ¾Ñ  ¿v  ôîÉ  ¹Āù  óÿv   ç½ÿ  $ôîÉ  .  äõv  #Ăz  ûvĀþÝ  Ôĉv¾É  ĂĊõÿv  ½¹   ¾Úý  

Ă¤å¾ñāºÉ  ÿ  wz  ĂĊ{Éć¿wÅ  ¶Åw~  Ĉýwù¿  Iç½ÿ  ¾¨ívº³  Áw¤õÿ  ¹½Āù  ¿wĊý  Ă{Åw´ù  āºĉ¹¾ñ  ¢Åv  )wz  ĈÅ½¾z  ćwăºí  Ăùwý¾zĀýĉÆĈ  

ā¹wæ¤ÅvāºÉ   ½¹  ûj  IĂÞõwÖù Ì¸Êù   ºĉ¹¾ñ   Ăz  ôĊõ¹ ìĉ   āw{¤Év  ½¹  Ăùwý¾zIĈÆĉĀý MĒúÝ   Ĉ{ĉ¾Ñ  ¿v   ¹Āù  øă¹  $ôîÉ  .(x #Ăz   ûvĀþÝ 

Ôĉv¾É  ĂĊõÿv  ¹½Āù  ā¹wæ¤Åv  ½v¾é  Ă¤å¾ñ  ¢Åv  ÿ  ûĀ¯  ãĒ·¾z  ¹Āù  óÿv  ÿ  ÷ÿ¹  IĈÉwÞ£½v  ¹Āù  øă¹  MwúĊê¤Æù  ½¹  ¾£Ēå   ç½ÿ  ¾Ċñ½¹   I¢ÆĊý 

ćwăÁw¤õÿ  ¹½Āù  ¿wĊý  ½wĊÆz  ¿v  ¾¤úí  Ă°ýj¿v  Iºþ¤Æă  üĊú¸£  ā¹¿  āºÉºýv  )ôîÉ  0   ¶Åw~  Ĉýwù¿  Ĉĉw¬zw«   ç½ÿ  ½¹  ĂÖêý  ¹½Āù  ¦´z   ÿ  

Áw¤õÿ  ĈõwúÝv  Ăz  ĂöÍÿ   ìĉ¾¤îõvÿÀĊ~  v½  wz  Ï¾å  ā¹wæ¤Åv  ¿v  ôîÉ  ¹Āù  óÿv   ç½ÿ  Ăz  ûvĀþÝ  Ôĉv¾É  ĂĊõÿv  ½¹  ½wÊå  ĈîĊùwþĉ¹  -4+ ʇ v½ 

ûwÊý  ùĈºă¹  )ôîÉ  1 ûwúă  úíĊ¢wă  v½  wz  Ï¾å  ā¹wæ¤Åv  ¿v  ôîÉ  ¹Āù  øă¹   ç½ÿ  Ăz  ûvĀþÝ  Ôĉv¾É   ĂĊõÿv  Èĉwúý   ùĈºă¹  )ćv¾z  ĂĊĄ£ 

üĉv  ÿ¹  ôîÉ  ¿v  Ï¾å  ć½Āu£   ç½ÿ  Mw¤{Æý  øĊ¸Ñ  ā¹wæ¤Åv  āºÉ    ½¹ )¢Åv ~Ċā¹w¿wÅć    ¾õ¾¤þíLQR  Ăæõoù ÀĊýÄĉ¾£wù ćwă yĉv¾Ñ ćwă

  Ĉý¿ÿQ    ÿR    Ă¤å¾ñ ¾Úý ½¹ Iºý¹Āz āºÉ äĉ¾Þ£ ½¹ ½Āí¼ù Ü«¾ù ½¹ Ăí ôîÉ ûwúă Ăz ÀĊýāºÉºýv  )wz  ĂÆĉwêù  ćwăÁw¤õÿ   Ăz¢Å¹āºùj  

½¹  ôîÉwă ć  0   ÿ  1  I  ĂÚ³Ēù  Ĉù¹¹¾ñ  Ăí  ãĒ¤·v  ½wĊÆz   ć¹wĉ¿  üĊz  Áw¤õÿ  ¹½Āù  ¿wĊý  ćv¾z  ć¿wÅ½vºĉw~   ç½ÿ  ½¹   ÿ¹  Ôĉv¾É   ĂĊõÿv 

½Āí¼ù  ¹Ā«ÿ  ¹½v¹  )ĂzûvĀþÝów¨ù  ½¹  ôîÉ  0I  ½ºé  èöÖù  Áw¤õÿ   ĈõwúÝv  ½¹  ûwù¿  ¾æÍ  ÿ  ¾¨ívº³  Áw¤õÿ  IĈõwúÝv  Ăz  yĊ£¾£  ¾zv¾z  /30  ÿ  

,/1.   ¢õÿ   Iºþ¤Æă  õw³½¹ĈĂí  ½ºé  èöÖù  Áw¤õÿ   ½¹  ûwù¿  ¾æÍ  ÿ  ĂþĊÊĊz  Áw¤õÿ   ½¹  ôîÉ  1  Ăz  yĊ£¾£  ¾zv¾z  3)4   ÿ  -+)1   ¢õÿ   ùĈ ºþÉwz)  

ãĒ¤·v  ôîÉ  0(äõv  ÿ  1(äõv  ½¹  ÛĀý  Ôĉv¾É ĂĊõÿv  ¢Åv  )½¹  ôîÉ  1  ¿v  ¹Āù  øă¹   ç½ÿ  Ăz  ûvĀþÝ  Ôĉv¾É  ĂĊõÿv  ā¹wæ¤Åv  āºÉ  ¢Åv  ÿ 

y«Āù ¡wÉwÞ£½v Äýwí¾å đwz  āºÉ ¢Åv )½¹ ¾ă ÿ¹ ¡½ĀÍ ¾õ¾¤þí Ĉĉw¬zw« ç½ÿ v½ ó¾¤þí ā¹¾í  ÿ ā¿w«v  ć½vºĉw~wý ìĊ¤Åđvÿ¾ĉj  v½ 

ā¹vºý ¢Åv ) 

 
ôîÉ 0  ¶Åw~ Ĉýwù¿  Ăz¢Å¹āºùj wz ć½Āu£ ç½ÿ Mw¤{Æý øĊ¸Ñ ćv¾z  Ĉĉw¬zw« ç½ÿ $½¹ ¢ĊÞéĀù  (x,y)=(a,b/4) #ÿ  Áw¤õÿ Ĉõ¾¤þí wz Ï¾å  

ā¹wæ¤Åv ¿v ¾õ¾¤þí LQR )Ĉ{ĉ¾Ñ ¿v ôîÉ ¹Āù óÿv ç½ÿ Ăz ûvĀþÝ Ôĉv¾É ĂĊõÿv ÿ ½wÊå ĈîĊùwþĉ¹ -4+6ɚ ½¹ ¾Úý Ă¤å¾ñ āºÉ ¢Åv ) 

 



34 ÅĊûvÿ¾ ¹wă¾å ćºÅv ûv¾ùwí I ć  

 

 ówÅ *ºþúÉĀă ÿ Ă¤å¾ÊĊ~ ¹vĀù ìĊýwîù,/+,*  ā½ÿ¹-*  ā½wúÉ, 

 

 
ôîÉ 1  ¶Åw~ Ĉýwù¿  Ăz¢Å¹āºùj wz ć½Āu£ ç½ÿ Mw¤{Æý øĊ¸Ñ ćv¾z  Ĉĉw¬zw« ç½ÿ $½¹ ¢ĊÞéĀù  (x,y)=(a,b/4) #ÿ  Áw¤õÿ Ĉõ¾¤þí wz Ï¾å  

ā¹wæ¤Åv ¿v ¾õ¾¤þí LQR )Ĉ{ĉ¾Ñ ¿v ôîÉ ¹Āù øă¹ ç½ÿ Ăz ûvĀþÝ Ôĉv¾É ĂĊõÿv ÿ ½wÊå ĈîĊùwþĉ¹ -4+6ɚ ½¹ ¾Úý  Ă¤å¾ñ āºÉ ¢Åv) 

-(    ë¿wý ç½ÿ ć½Āu£ ćwăÁw¤õÿ IøĊ¸Ñ ç½ÿ ć½Āu£ wz ĂÆĉwêù ½¹ï½Àz¾£ć    ç½ÿ ¾£Ēå ó¾¤þí ćv¾z v½~ĊÈzĊþĈ  ùĈºþí  )ôĊõ¹  

  ¢ĊÞévÿ ½¹ Ăí ¢Åv ûj yöÖù üĉvĂöuÆù    ÔÅĀ£ IĈõwúÝv ćwăÁw¤õÿ ¿v ĈÉwý ÓwÆ{ýv wĉ Ïw{êýv ÷wòþă ½¹ ìĉ¾¤îõvÿÀĊ~ ĂöÍÿ

Èþ£wă ć  ìĉ¾´£ v½ Ăĉw~ ç½ÿ ĈÉ¾zùĈwúýĉ º Ië¿wý ç½ÿ ć½Āu£ ½¹ Ăí ¢Åv Ĉõw³ ½¹ üĉv )Èþ£wă ć    Ï¾å ÀĊ¯wý ĈÉ¾zùĈºýĀÉ  

  ¾§v ÿ ûjwă    ½ĀÚþù Ôzvÿ½ ĂÞÅĀ£ ½¹úýĈ¹ĀÉ  ôîÉ )2    Ĉýwù¿ ¶Åw~Ăz¢Å¹āºùj  z  ów¨ù ćv¾z v½ ç½ÿ ¾£Ēå ć¿wÅ½vºĉw~ ćv¾ āºÉ¾í»  

  ôîÉ ½¹0    ÈĉwúýùĈºă¹  æ¤Åv wz ĂíºÉ Ă{Åw´ù ë¿wý ç½ÿ ć½Āu£ ¿v ā¹w  āºĉ¹ ôîÉ üĉv ½¹ Ăîýwþ¯ )¢Åv ā ùĈ¹ĀÉ  èöÖù ½ºé I

 ¾zv¾z yĊ£¾£ Ăz Ĉõ¾¤þí Áw¤õÿ üĉ¾¤ÊĊz ÿ ¾æÍ ûwù¿ ½¹ Ĉõ¾¤þí Áw¤õÿ1/2  ÿ-,.4 ù wz ĂÆĉwêù ½¹ Ăí ºþ¤Æă ¢õÿ  ¾ĉ¹wê ~ĊÈzĊþĈ  

  ôîÉ$ øĊ¸Ñ Mw¤{Æý ç½ÿ ć½Āu£ ÔÅĀ£ āºÉ0  yĊ£¾£ Ăz #.."    ÿ/1"  ï½Àz¾£   ùĈºþÉwz  ¹w¬ĉv v½ ÷wĄzv üĉv Ă¬Ċ¤ý üĉv ) ùĈwúý ĉº  

  ªĉw¤ý ¾òĉ¹ Mđwú¤³v ĂíĂz¢Å¹āºùj    )ºþÉw{ý Ĉåwí ½w{¤Ýv ćv½v¹ ë¿wý ç½ÿ ć½Āu£ ¿vĂz ûvĀþÝów¨ù    ªĉw¤ýĂz¢Å¹āºùj    ôîÉ ½¹/(

v  ĂĊĄ£ ç½ÿ ¾£Ēå ó¾¤þí ¢Ą« Ĉĉw¬zw« ½ĀÆþÅ ć½v¼òĉw« ćv¾z ĂþĊĄz ûwîù Ĉzwĉ¿½v ćv¾z Ăí äõ¹¾ñ ĉāº ºýv   ½v¾é ºĉ¹¾£ ¹½Āù ÀĊý

ùĈñĊºý¾ )¢Åv āºÉ ā¹wæ¤Åv ªĉw¤ý ĂĊĄ£ ćv¾z øĊ¸Ñ Mw¤{Æý ç½ÿ ć½Āu£ ¿v wĄþ£ Ăùv¹v ½¹ IçĀå yõwÖù Ăz Ă«Ā£ wz ) 

 
ôîÉ 2  ¶Åw~ Ĉýwù¿  Ăz¢Å¹ āºùjwz ć½Āu£ ç½ÿ ë¿wý ćv¾z  Ĉĉw¬zw« ç½ÿ $½¹ ¢ĊÞéĀù  (x,y)=(a,b/4) #ÿ Áw¤õÿ Ĉõ¾¤þí wz Ï¾å ā¹wæ¤Åv  

¿v ¾õ¾¤þí LQR )Ĉ{ĉ¾Ñ ¿v ôîÉ ¹Āù  óÿv ç½ÿ Ăz ûvĀþÝ Ôĉv¾É ĂĊõÿv ÿ ½wÊå ĈîĊùwþĉ¹ -4+6ɚ ½¹ ¾Úý Ă¤å¾ñ āºÉ ¢Åv ) 

 Ăz Çÿ½ ¿v ā¹wæ¤Åv wz vº¤zv ¢Ý¾Å ÿ Ĉĉw¬zw« ówþòĊÅ ìzºĊå ćv¾z ĂþĊĄz ¢ĊÞéĀù üĊĊÞ£ ½ĀÚþùLQR  ĂþĊĄz yĉv¾Ñ Äĉ¾£wù

  ¢õw³ ćwă¾Ċâ¤ù ó¾¤þí ćv¾z¢Å¹ Ăz    ćwă½wĊÞù û¹Āúý ĂþĊúí ¿v ā¹wæ¤Åv wz Ä Å )¢Åv āºùj Ătv½vāºÉ    ĂÖzv½ ½¹-/   üĉ¾¤Ąz



w«ĉzwĈ ĄzĊĂþ v¾z wă½ĀÆþÅć åĊìzº «ÿ¾·Ĉ £w¤ÅvĊì ¾« ½¹ wă ç½ÿ ¾£Ēå ó¾¤þí ¢Ą«ĉûw ýĀÅ¾~ĀÅĊ ì  4+ 
 

 ówÅ *ºþúÉĀă ÿ Ă¤å¾ÊĊ~ ¹vĀù ìĊýwîù,/+,*  ā½ÿ¹-*  ā½wúÉ, 

ÞéĀùĊ¢wă  ¢Ą« Ĉĉw¬zw« ćwă½ĀÆþÅ û¹v¹ ½v¾é ćv¾z Ĉõwú¤³v ć ó¾¤þíwă  ôîÉ )¢Åv āºÉ ā¹wæ¤Åv è¤Êù ÿ Ĉ{Åwþ£ ć3    ªĉw¤ý

 ûwÊý Ā¬¤Æ« ćwÒå ½¹ v½ ĂÕĀz¾ùùĈºþă¹ ) 

 
ôîÉ 3 ¡v¾ĊĊâ£ ½wĊÞù COS1 ÿ COS2 $ÃĀþĊÅĀí Ăĉÿv¿ üĊz È¸z ćwă äö¤¸ù ½v¹¾z  yĉv¾Ñ ìzºĊå LQR ÿ ½v¹¾z yĉv¾Ñ ìzºĊå  

ćwă¾õ¾¤þí Ĉ{Åwþ£ ÿ Ĉê¤Êù #¾z yÆ³ ¢ĊÞéĀù ½ĀÆþÅ ¾z ćÿ½ ²ÖÅ ç½ÿ 

  ĂÚ³ĒùùĈ¹ĀÉ    ½wĊÞù ÿ¹ ¾ăCOS1    ÿCOS2    Ăí ĈýwÆîĉ Ówêý ½¹¡½w{Ýºýv    óÿv ¢ĊÞéĀù ¿v)=(0.28,0)sy,sx(    ÷ÿ¹ ¢ĊÞéĀù ÿ

)=(0.36,0.21)sy,sx(    )ºþ¤Æă Ĉö´ù ĂþĊÊĊz ćv½v¹¤ý½¹ĊĂ¬    v½ Ówêý üĉv ùĈûvĀ£    ìzºĊå ćv¾z Ĉõwú¤³v ĂþĊĄz Ówêý ûvĀþÝ Ăz

Ĉ{Åwþ£ (  $ ½wĊÞù ¿v ā¹wæ¤Åv wz vº¤zv ½ĀÚþù üĉv Ăz )¹v¹ ½v¾é ĈÅ½¾z ¹½Āù Ĉê¤Êù-0  ¿v ć¾ĉ¹wêù Ówêý üĉv ½¹ #dT    üĊĊÞ£ v½ùĈþíĊø  

½v¹¾z üĊz Ĉîĉ¹Àý üĉ¾¤ÊĊz Ăí   ìzºĊå yĉv¾ÑCK    ÿSK    ó¾¤þí Ăz ÓĀz¾ù$LQR    ¹w¬ĉv v½ #Ĉ{Åwþ£ Ĉê¤Êù ÿùĈwúýĉ º  ôîÉ )4  

  ½wĊÞù ¡v¾ĊĊâ£ ½v¹ĀúýCOS3    v½yÆ³¾z    Ĉýwù¿ ¢zw§dT    Èĉwúý ¦´z ¹½Āù Ówêý ½¹ ùĈºă¹  āºĉ¹ ôîÉ üĉv ½¹ Ăîýwþ¯ )ùĈ¹ĀÉ  I

  ½vºêù  üĉ¾¤ÊĊz I¦´z ¹½Āù ¢ĊÞéĀù ÿ¹ ¾ă ½¹COS3    Ĉýwù¿¢Å¹ Ăz  ùĈjĉ º    ºÉwz ¾æÍ ¾zv¾z Ĉê¤Êù ó¾¤þí Ĉýwù¿ ¢zw§ Ăí

$=0dT  wùv I#¡½ĀÍ¾ă½¹    ½vºêù ¾¨ívº³COS3    ½vºêù ¿vvĉ āº    ój,    ĂöÍwå ćv½v¹ôzwéĄ«Ā£Ĉ    ôîÉ Ăz Ă«Ā£ wz )¢Åv/    èzwÖù ÿ

  ¹wĄþÊĊ~ ½Āí¼ù ½wĊÞùùĈ¹ĀÉ    ôîÉ ½¹ Ăîýwþ¯ wùv )¹ĀÉ ā¹wæ¤Åv Ìõw· Ĉ{Åwþ£ ¾õ¾¤þí ìĉ ¿v Ăí/    āºĉ¹ ÀĊýùĈ¹ĀÉ  ½¹ MwÅwÅv I

  ¢ĊÞéĀù,  úýĈûvĀ£   Ċå yĉ¾Ñ ¿v ć½vºêù ®Ċă wz  ìzºPK  úýĈ ûvĀ£    ¿v ĈÍw· ¾ĉ¹wêù ½¹ Ăí ºþ¯¾ă I¹Āúý ½vºĉw~ v½ ø¤ÆĊÅPK  

ùĈûvĀ£    ûwÊý üĊþ°úă ôîÉ üĉv )ºÉ ìĉ¹Àý ½wĊÆz ć½vºĉw~ ¿¾ù ĂzùĈ ºă¹    ¢ĊÞéĀù ½¹ Ăí-  ùĈûvĀ£    ¿v ĈÍw· ½vºêù ćv¿v Ăz

 $ ìzºĊå yĉ¾Ñ832000-=PKĊå Iç½ÿ Ówêý ¾òĉ¹ wz ĂÆĉwêù wz ÿ ¹Āúý ½vºĉw~ v½ ø¤ÆĊÅ #  ĂÖêý üĉv Ĉĉw¬zw« ìzºùĈºývĀ£   üĉ¾¤úí wz

  ôîÉ$ ºýwÅ¾z ć½vºĉw~ Ăz v½ ø¤ÆĊÅ Áw¤õÿ ½vºêù,+  yÅwþ£ yĉ¾Ñ ÈĉvÀåv wz ºĉwz IyÅwþù Ĉõ¾¤þí ¹¾îöúÝ ìĉ ¹Ā«ÿ ćv¾z wùv )#

  āºăwÊù wùv )ºÉ ½ÿ¹ ć½vºĉw~ ¿¾ù ¿v Ĉåwí ā¿vºýv Ăz IìzºĊåĈù ÈĉvÀåv Ĉúí wz Ăí ¹ĀÉPKù ¹½vÿ ā½wzÿ¹ ø¤ÆĊÅ I ć½vºĉw~wý ā¹ÿº´

Ĉù½¹ ÿ ¹ĀÉ)¢Åv ðþ£ ½wĊÆz ć½vºĉw~ ĂĊ³wý Ă¬Ċ¤ý 

 
ôîÉ 4  ¡v¾ĊĊâ£ ½wĊÞù COS3 $ÃĀþĊÅĀí Ăĉÿv¿ üĊz ½v¹¾z yĉv¾Ñ  ìzºĊå LQR ÿ ½v¹¾z yĉv¾Ñ ìzºĊå ¾õ¾¤þí Ĉ{Åwþ£(Ĉê¤Êù #¾z 

yÆ³ ¢zw§ Ĉýwù¿ Td ½¹ ¢ĊÞéĀù ¿v  ²ÖÅ ç½ÿ 



4, ÅĊûvÿ¾ ¹wă¾å ćºÅv ûv¾ùwí I ć  

 

 ówÅ *ºþúÉĀă ÿ Ă¤å¾ÊĊ~ ¹vĀù ìĊýwîù,/+,*  ā½ÿ¹-*  ā½wúÉ, 

 

 

 

ôîÉ ,+  ¶Åw~ Ĉýwù¿ ¢Åºz āºùj wz  ć½Āu£ ç½ÿ Mw¤{Æý øĊ¸Ñ ćv¾z  Ĉĉw¬zw« ç½ÿ $½¹ ¢ĊÞéĀù  (x,y)=(a,b/4)  # ÿ Áw¤õÿ Ĉõ¾¤þí wz Ï¾å  

ā¹wæ¤Åv ¿v ¾õ¾¤þí Ĉ{Åwþ£ $ìzºĊå  Ĉĉw¬zw« ((xs,ys)=(0.36,0.21)) )#Ĉ{ĉ¾Ñ ¿v ôîÉ ¹Āù óÿv ç½ÿ Ăz ûvĀþÝ Ôĉv¾É ĂĊõÿv ÿ ½wÊå 

ĈîĊùwþĉ¹ -4+6ɚ ½¹ ¾Úý Ă¤å¾ñ āºÉ  ¢Åv) 

  ¢ĊÞéĀù ÿ¹ ½¹ ºÉ Ă¤æñ Ăîýwþ¯Þ£ĊĊ üāºÉ    ĂÖzv½ ć¹wĄþÊĊ~ ½wĊÞù ÔÅĀ£-0  úýĈûvĀ£  Ĉê¤Êù wĉ ÿ Ĉ{Åwþ£ ìzºĊå wz(  Ĉ{Åwþ£

  ìzºĊå wz ûvĀ¤z ¢Åv üîúù wùv )ºĊÅ½ yÅwþù Ĉõ¾¤þí ¹¾îöúÝ Ăzøăûwù¿    ¾ă Ĉĉw¬zw«ĂÖêýÿ¹    ¾õ¾¤þí ¹¾îöúÝ Ăz I½Āí¼ùLQR 

¹Àýĉì¾£  ù ÛĀÑĀù üĉv ĈÅ½¾z ćv¾z )ºÉ  ĂÖzv½ ½¹ āºÉ Ătv½v ½wĊÞ-0    Ĉ{Åwþ£ ìzºĊå ¿v yĊí¾£ üĉ¾¤Ąz Ăz ûºĊÅ½ ćv¾z ½wz üĉv v½

  ½v¾é ā¹wæ¤Åv ¹½Āù ¦´z ¹½Āù Ówêýā¹v¹vĉ ø  ôîÉ ),,    ½wĊÞù ¡v¾ĊĊâ£COS3    v½yÆ³¾z    ¢ĊÞéĀù ÿ¹ Ĉ{Åwþ£ ìzºĊå yĉv¾Ñ ¢{Æý

  Èĉwúý v½ ¦´z ¹½Āù ùĈºă¹  ĂÚ³Ēù )ùĈ¹ĀÉ    ¢{Æý ½¹ Ăí1.1-=P1K/P2K    ½vºêù üĉ¾¤ÊĊz ĂzCOS3   ùĈÅ½Ċø   ¾zv¾z ûj ½vºêù Ăí

+)34    ój āºĉv ½vºêù w£ ć¹wĉ¿ ĂöÍwå ÿ ¢Åv,    yĊí¾£ ¢{Æý wz Ĉ{Ċí¾£ Ĉ{Åwþ£ ó¾¤þí ìĉ ¹½Āù üĉv Ăz Ă«Ā£ wz )¹½vºý-=P1K/2PK

1.1    ìĊùwþĉ¹ ½wÊå ½¹ ç½ÿ ¾£Ēå ó¾¤þí ćv¾z-4+ ʇ    ôîÉ )ºÉ Ă¤å¾ñ ½wí Ăz,-   ćv¿v Ăz v½ ĂÕĀz¾ù Ĉõ¾¤þí ¹¾îöúÝ

=1800000P1K  Ĉù Èĉwúý  āºăwÊù )ºă¹ùĈ¹¹¾ñ    Ĉõ¾¤þí ½w¤å½ ½wz üĉvĂz¢Å¹āºùj    ½vºêù ¾¨ívº³ ×w´õ Ăz ÿ ā¹Āz xĀ· ½wĊÆz

  IĈĉĀò¸Åw~ ûwù¿ ÿ Ĉõ¾¤þí Áw¤õÿôzwéwêùĉĂÆ    ¾õ¾¤þí ½w¤å½ wzLQR    ôîÉ$0  #ùĈ ºÉwz  )Ăzvĉü£¾£Ċy  Ĉù  ìúí wz ¹¾í wÝ¹v ûvĀ£

  ĂÖzv½ ½¹ āºÉ Ĉå¾Þù ½wĊÞù-0  Ĉù  Ĉĉw¬zw« ìzºĊå Ăí ¢åwĉ v½ ç½ÿ ¿v ĈÕwêý ûvĀ£ûjwă  Ĉù  ć½w¤å½ ºývĀ£ôzwéwêùĉĂÆ   ¾õ¾¤þí wz

LQR  )ºĉwúý ¹w¬ĉv 

 
ôîÉ 4  ¡v¾ĊĊâ£ ½wĊÞù COS3 Æí$ĊÃĀþ Ăĉÿv¿ üĊz ½v¹¾z yĉv¾Ñ ìzºĊå LQR ÿ ½v¹¾z yĉv¾Ñ ìzºĊå ¾õ¾¤þí Ĉ{Åwþ£(Ĉ{Ċí¾£  #

yÆ³¾z ¢{Æý yĉv¾Ñ ìzºĊåćwă Ĉ{Åwþ£ 

 






