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KEYWORDS ABSTRACT

Plate flutter The widespread use of lightweight and flexible structures in industries such as aerospace
Active control and the increasing use of thin plates in these structures, which are easily fluttered and
State-space estimator unstable in rapid air currents, make the use of active and inactive flutter control methods
Piezoelectric patch inevitable. In the present study, by examining the governing equations and employing SOF

(Static Output Feedback) method, we have tried to position the vibration sensors to get the
closest performance to the LQR controller. To do this, a rectangular plate exposed to
supersonic current is considered. A piezoelectric patch is used to control the vibrations. A
rectangular plate exposed to supersonic current is considered. A piezoelectric patch is used
to control the vibrations. Von Karman thin plate theory and Mindlin moderately thick plate
theory are used for simulating the plate. The first-order piston theory is used to model the
airflow. The equations of motion are obtained using the Lagrange method and the
displacement field approximation by finite power series. Then, a criterion for finding the
points whose displacement feedback combination can provide the closest control
performance to the LQR controller is presented. Finally, the performance of the obtained
criterion has been evaluated and confirmed by numerical simulation. The results show that
the plate's flutter can be effectively suppressed at speeds beyond twice the critical velocity,
feeding back a specific combination of certain points' displacements. The results show this
method presents a performance comparable to the LQR controller, despite removing the
state estimator.

Extended Abstract

|. Introduction

ightweight and flexible components such as thin plates have been used widely in aerospace industries. These
components go unstable when subjected to fast airflows. This issue has made the use of active and passive control
methods inevitable. Bailey and Hubbart [1] were the first to employ piezoelectric materials to control vibrations.

In control problems involving large numbers of state variables, the LQR or LQG-based methods are employed to stabilize
the system and optimize the control performance. System state variables are fed back as the control signal in these methods.
However, state variables of distributed parameter systems cannot be measured directly and must be estimated using sensor
data, which causes technical and numerical problems in practice. Consequently, in practical aeroelastic flutter control, it is
recommended to use the SOF (Static Output Feedback) method for direct feedback of sensor data. Patil and Hodges [13] were
the first to consider this issue and examine the aeroelastic flutter control of a long wing by SOF method.

According to the published literature, the optimal placement of the sensors for the SOF control of fluttering plates has not
been investigated so far. With this aim, a rectangular plate subjected to supersonic flow is considered. Von Karmen's thin plate
theory and Mindlin's moderately thick plate theory are employed to model the system. The LQR controller is used as the
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reference to define the best displacement and velocity feedback points. A criterion is suggested for optimizing sensors position
based on the angle between the LQR feedback gains vector and the equivalent gains vector of a derivative-proportional
controller. The validity of the proposed method is evaluated by numerical simulations.

2. Mathematical Formulation

Fig. 1 presents a cantilevered plate with length a, width b, and thickness h subjected to a supersonic flow of velocity V,. A
piezoelectric patch of dimensions a,, b, and h,, is attached to the plate at local coordinates (xy,y,). The patch acts as an
actuator to control the plate vibrations. The voltage applied to the patch is defined using specific points’ displacement and
velocity feedback. The governing equations of the system are presented in Ref. [8], based on the Mindlin plate theory. Similar
equations are extracted for the case of the von Karman plate theory using some simplifications.

The displacement field is approximated using the Ritz approximation method:

w = Nq 1)
where w, N and q are the transverse displacement, the matrix of admissible shape functions, and the vector of generalized
coordinates, respectively. The governing equations are obtained as follows:

MG+ Cqq+ (K +Ky)q =FV3 (2)
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Figure 1. The geometry of the plate and the piezoelectric patch subjected to supersonic flow

4

where V3 is the piezo-patch control voltage, F is actuating vector, and, M, K, C4, and K4 are matrices of mass, structural
stiffness, aerodynamic damping, and aerodynamic stiffness, respectively. Using the following transfer:

q=9X, (3)
Eq. (2) is transfered in to modal space:

MX + C,X + (K + K)X = FVs, @)
where @ is the matrix of mode shapes in zero flow velocity (Mg + Kq = 0) and X is the vector of state variables in the
modal coordinates, and

M=¢"™M¢, C=9¢"Ci,
K=¢"K¢, Ky =¢"Kq ¢, ®)
F=¢TF.

The reduced model is obtained by eliminating defined @ columns and neglecting the corresponding mode shapes from the
system dynamics. In the sequel, the governing equations are transferred to state-space form:

Z = AZ + BV, Z= g}
A== O[S K1)

0
M o1t (F
B= [0 1] '{0}
We observe state variables vector is composed of the generalized coordinates’ vector and its time derivative. Therefore, we

may consider it a function of displacement and velocity of a plate's generic point. In the LQR method, system state variables
are fed back with specific gains:

(6)

Va=-K.Z=-K1X—-K2X )
In the above equation, Kc is the matrix of feedback gains, and its submatrices K1 and K2 define the gain factors of the

modal displacement and velocity variables, respectively. The state and control weighing function of the LQR controller are
defined the same as described in Ref. [8]. For the case of SOP control, we employ a proportinal-derivative feedback:

Vs = —=Kp(w(xs, ¥s) + Taw(xs, ¥s)) (8)
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Here w(xs, vs) represents the transverse displacement of the sensing point, and K and T,; denote the feedback gain factor
and the time constant of the controller, respectively.

Using Egs. (1), (6), and (8), we get

V3 = _KP Ksz, 9
KS = [TlexsﬁVsd) leSrZVsd)] ( )

Comparing Eg. (9) to (7), we notice the LQR and the SOP controller are equal if Kp TyN|,_, ¢ = K1and Kp N, _, ¢ =
K2. But, it is impossible to find a sensor location to satisfy these conditions. However, it is possible to define sensor locations
that yield the closest state variables gain vector to those of the LQR controller by minimizing the angle between the feedback
gain vectors. For this purpose, the following criteria are introduced based on maximizing the cosine of the mentioned vectors
angle:

N K1T
COS1 = ( |x5,y5¢)

Vs r (10)
C0S2 = M
|IN|st/s¢||”K2”

Finally, we determine the values of Tq that minimize the difference between the gain vectors K and KS. We do this by
maximizing the following criteria:

COS3 = Ks K¢ 11
= KK ()

3. Results and discussion

In the field of aeroelasticity, the system behavior is usually expressed in the dimensionless dynamic pressure 1 =
paVs2a3/D, in which D is the plate bending stiffness. Increasing the dynamic pressure and passing a critical value (Acr), the
real part of some system eigenvalues go positive, and the plate starts fluttering. Critical dynamic pressure was calculated for
cases of plates without patch and having a piezo or an aluminum patch to verify the performed simulation and assess the
precision of thin plate's results. The results were compared to those of Ref. [8] obtained by Mindlin plate theory. The following
dimensional quantities were used for this comparison:

a=04m, a/b=4/3, h/a=0.01,
a,/a=1/4, b,/b =5/30, h,/h =1/4

For the case without a patch, von Karman's thin plate theory defines the critical pressure as 145.3, which is in good
agreement with that of the Mindlin theory obtained in Ref. [8] (Acr =143.8). Also, for the cases of patched plates and different
patch locations, the obtained values were comparable to those reported in Fig. 2 of Ref. [8].

Using the thin-plate and thick-plate model, the stabilization of the plate flutter at the dynamic pressure A = 290 by the
displacement feedback of different points is investigated. The piezoelectric patch is positioned in coordinates (Xp, yp)=( 80/57,
0) using the results presented in Ref. [8] based on the dynamic stability criterion. For this study, the constant Td of Eq. (8) is
set to zero and KP is increased to stabilize the plate. To calculate the required voltage, a coefficient of the first vibration mode
of the plate (which is involved in flutter phenomenon) is considered as the initial condition so that the displacement of the point
(x,y) = (a, b/4)is w=0.5h.
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Fiure 2. The applied voltage required at t=0 to stabilize the plate flutter at the dynamic pressure A =290 versus sensor location
defined by the Mindlin theory
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Fig. 2 shows the applied voltage required at t=0 to stabilize the plate flutter versus sensor location defined by the
Mindlin theory for an 11 * 10 plate mesh. In this figure, the darker areas indicate the lower required voltages. The
white zone corresponds to locations where no feedback gain yields vibrations stabilization. In the black and gray
zones, the plate vibrations go unstable as the feedback gain increases. Numerical simulations show a significant
difference between the result of the plate theories to define stability zones and corresponding actuator voltages.
According to Figure 2, the required control voltages are of the order of kV. Whiles, Table 8 of the Ref. [8] reported
that the maximum applied voltage is limited to a few tens of volts using the LQR method and the mentioned
location of the piezoelectric patch. We re-examied the computational codes of Ref. [8] to ensure the accuracy of
its presented results. Also, we studied the maximum voltage predicted by the LQR method for the von Karman
and Mindlin plate models. In this study, we reached the following results:

1. Reference [8] claims that a reduced dynamic model with ten vibration modes has been used to study the flutter
control. Then, to simulate the time response of the plate, a coefficient of the first mode shape was considered for
the initial condition. By examining the programming codes used in that study, we found that due to a programming
error, indeed, a coefficient of the tenth mode shape was used as the initial condition. Since, unlike the first and
second vibration modes, the tenth mode is not directly involved in the flutter mechanism, the required voltages
were predicted much less than they are.

2. Numerical simulations show that the von Karman theory predicts the actuator voltages higher than those
predicted by the Mindlin theory. The reason is that the piezoelectric patch excites the base plate using shear
stresses. On the other hand, in the von Karman theory, the shear stresses are assumed negligible and are omitted
in the theory development. Because of the above, we only used the Mindlin theory to prepare the results.

Fig. 3 reports the time response of the plate in dynamic pressure of A = 290 simulated with the Mindlin theory and
the LQR method, assuming the first mode shape as the initial condition. In this simulation, the weighting matrices
Q and R are considered the same as in Ref. [8]. The vector of feedback gains was obtained and used to determine
the best sensor locations for the displacement and velocity feedback by minimizing the criteria presented in Eq.
(10). Fig. 4 shows the contour plot corresponding to the criterion COS1 of Eq. (10). A very similar contour plot
was obtained for COS2 of that equation. It was observed that both COS1 and COS2 criteria have local maximums
at the same points that are POS1: (s, ¥s) = (0.28,0) and POS2: (xs, ¥s) = (0.36,0.21). Consequently, we considered
these points as possible optimal points for proportional-derivative feedback. Afterward, using criterion COS3 of
Eq. (11) at these points, we searched for values of Td that result in a must closeness between the vector of feedback
gains Kc and Ks. It was observed that for both sensor locations maximum value of COS3 is obtained when T4=0,
which is identical to a pure proportional controller. Moreover, in both cases, the maximum value of COS3 is
considerably less than the ideal value 1. As observed in Fig. 2, basically in POS1, no feedback gain Kp can stabilize
the system (although specific values of Kp make the system very close to the stability boundaries). Fig. 2 also
shows that by locating the sensor in POS2, the system can be stabilized for a specific value of Kp with the least
actuator effort compared to other parts of the plate. To have a good control performance, it is necessary to go far
enough away from the stability boundaries by increasing the feedback gain. But the numerical simulations show
the stability zone is very narrow and with a slight increase in Kp, the system becomes unstable.
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Figure 3. Time response simulated using Mindlin theory and LQR controller for 4 = 290.

As mentioned above, in the two locations determined by Eq. (10), it is impossible to achieve appropriate control
performance with proportional or derivative-proportional feedback controllers. However, it is still possible to achieve a
performance close to that of the LQR controller with the simultaneous displacement feedback of both points. To achieve the
best combination of displacement feedbacks, we employed the criterion of Eq. (11). Fig. 5 shows the variations of the criterion
COS3 versus the proportional feedback gains ratio. According to this figure, we get the maximum value of COS3 in the gains
ratio Kp2 / Kp1 = -1.1 that is equal to 0.89 and relatively close to the ideal value 1. Hence, a hybrid proportional control with a
gains ratio Kp2 / Kp1 = -1.1 was used to control the plate flutter at dynamic pressure 1 = 290. Fig. 6 illustarates the corresponding
control performance for Kp1 = 1800000. According to the obtained maximum voltage and the setteling time, the performance
of the controller is acceptable and comparable to that of the LQR controller (Figure 3).
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Figure 4. Variations of the COSL criterion versus the position Figure 5. Variations of the COS3 criterion versus proportional
of the sensor feedback gains ratio

4. Conclusion

In many theoretical studies published on plate flutter control, piezoelectric patches are used as actuators. The applied
voltage is commonly defined using states’ vector feedback, which is to be estimated. However, in practice, this increases the
cost and complexity of execution. In the present study, we tried to find appropriate vibration sensor locations for suppressing
the plate supersonic flutter using the SOP method. The LQR controller is used as the reference controller to find the best sensor
points for displacement feedback. Then, a criterion is introduced to find the sensor points that combined displacement feedback
gives the closest control performance with the LQR controller. Numerical simulations confirm that an acceptable control
performance is achievable, using the introduced criterion to find the sensor locations. The method presented here may only be
applicable to specific problems, such as plates’ vibration control, where the position of the sensors is arbitrary and may not be
useable for other control problems.

This study also showed that thin plate theory does not provide reliable results for simulating plate flutter control with
piezoelectric patches since it assumes shear stresses to be negligible.
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Figure 6. Time response simulated using Mindlin theory and the combined SOF controller (combined displacement feedback of
points (xs, ys) = (0.28,0) and ((xs, ys) = (0.36,0.21)) for L = 290.
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