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Nonlocal theory, In this paper, exact close form solution for out of plane free flexural vibration of moderately thick
Sinusoidal shear, rectangular nano-plates are presented based on nonlocal sinusoidal shear deformation theory, with
Deformation, assumptions of the Levy's type boundary conditions, for the first time. The aim of this study is to
Out of plane vibration. evaluate the effect of small-scale parameters on the frequency parameters of the moderately thick

rectangular nano-plates. To describe the effects of small-scale parameters on vibrations of rectangular
nanoplates, the Eringen theory is used. the Levy's type boundary conditions is a combination of six
different boundary conditions; specifically, two parallel edges are simply supported and any of the
other Two edges may be restrained by different combinations of free, simply supported, or clamped
boundary conditions. Governing equations of motion and boundary conditions of the plate are derived
by using the Hamilton’s principle. The present analytical solution can be obtained with any required
accuracy and can be used as benchmark. Numerical results are presented to illustrate the effectiveness
of the proposed method compared to other methods reported in the literature. Finally, the effect of
boundary conditions, aspect ratios, small scale parameter and thickness ratios on nondimensional
natural frequency parameters and frequency ratios are examined and discussed in detail.

Extended Abstract
1. Introduction

accurate and reliable design. The study of the free vibration of plates dates back to the 1880s, and an extensive

T he wide use of such structures requires investigating the vibration characteristics of plates in order to develop
review of the works up to 1985 has been given by Leissa in his monograph [1] and in a series of review articles [2,

3]. Leissa [4] presented analytical results for free vibration of rectangular plates. Twenty-one cases exist which involve the
possible combinations of clamped, simply-supported, and free edge conditions. Exact characteristic equations are given for
the six cases having two opposite sides simply-supported.

Mindlin [5, 6] employed two-dimensional theory of flexural motions of isotropic, elastic plates is deduced from the three-

dimensional equations of elasticity. In Mindlin’s theory, transverse shear stress is assumed to be constant through the
thickness of the plate, but this assumption violates the shear stress free surface conditions on the top and bottom surfaces of
the plate. Mindlin’s theory satisfies constitutive relations for transverse shear stresses and shear strains by using shear
correction factor.

Dozio [11] presented a comprehensive study on the use of a set of trigonometric functions, as admissible solutions in the

Ritz method for general vibration analysis of rectangular orthotropic Kirchhoff plates is presented. The approach is denoted
here as Trigonometric Ritz method (TRM). Since its introduction, application of TRM was limited to a very few plate
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problems. The aim of this work is to extend the potential of the method on predicting natural flexural frequencies of plates
with various complicating factors, including in-plane loads, elastically restrained edges, rigid/elastic concentrated masses,
intermediate line and point supports or their combinations.

Sayyad and Ghugal [15] studied a variationally consistent an exponential shear deformation theory for the bi-directional
bending and free vibration analysis of thick plates. In this displacement-based, refined shear deformation theory, exponential
function are used in terms of thickness co-ordinate to include the effect of transverse shear deformation and rotary inertia.
The number of unknown displacement variables in the proposed theory are same as that in first order shear deformation
theory. Kharde et al. [16] also presented an exponential shear deformation theory for the free vibration of thick isotropic plate
which uses exponential term in its displacement field to calculate the strain and stresses, satisfying the stress free boundary
conditions at the top and bottom of the plate. Hence the theory obviates the need of shear correction factor. Governing
differential equations and boundary conditions of the theory are obtained using the principle of virtual work.

Yang et al. [20] studied deformation behavior of materials in the micron scale has been experimentally shown to be size
dependent. The size dependence can be explained using classical couple stress theory in which the full curvature tensor is
used as deformation measures in addition to the conventional strain measures. Ke et al. [21] developed a Mindlin microplate
model based on the modified couple stress theory for the free vibration analysis of micro-plates. This non-classical plate
model contains an internal material length scale parameter related to the material microstructures and is capable of
interpreting the size effect that the classical Mindlin plate model is unable to describe. The higher-order governing equations
of motion and boundary conditions are derived using the Hamilton principle.

Aksencer and Aydogdu [22] studied buckling and vibration of nanoplates using nonlocal elasticity theory. The Navier
type solution is used for simply supported plates and the Levy type method is used for plates with two opposite edges simply
supported and remaining edges arbitrarily supported. Aghababaei and Reddy [23] studied the vibration of isotropic
rectangular nanoplate using the nonlocal elasticity theories and the third-order shear deformation theory. Zhang et al. [26]
presented a non-local plate model based on Eringen’s theory of non-local continuum mechanics. The basic equations for the
non-local Kirchhoff and the Mindlin plate theories are derived. These non-local plate theories allow for the small-scale effect
which becomes significant when dealing with micro/nano-scale plate-like structures.

In this paper, exact closed-form solutions for out of plane free flexural vibration of moderately thick rectangular nano-
plates are presented based on nonlocal sinusoidal shear deformation theory, in explicit forms are presented to investigate
small scale effects on the buckling of Lévy-type rectangular nanoplates based on the Eringen theory. Two other edges may be
restrained by different combinations of free, simply supported, or clamped boundary conditions. Hamilton’s principle is used
to derive the nonlocal equations of motion and natural boundary conditions of the nanoplate.

2. Theory of nonlocal elasticity

Using the theory of non-local elasticity, presented by Eringen, the effects of small inter-atomic forces are considered as
material parameters in the constitutive equation:
(- w?v?) offt = o @

The non-local constitutive equations of a nono-plate can be written as:

(1 — u?V2) 03 = Ciju1 €nt 2

By u = eqa.

3. Plate Equation

Plate displacement field by sinusoidal deformation theory assumed as:
ow(xqy,xp,t) h | mx3

~ox, + 2 sin(5 )91 (3, X2, 1)

ow(xq,xp,t) h | mx
o sin( )02 (0, 3, ) ©)

u(xq, X9, %3,t) = —x3

v(Xy, X2, X3, 1) = —X3 ax
2

W(x1F X2, X3, t) = W(xlr X2, t)

By using Hamilton’s principle, the following equations of motion are obtained:

%M, 0°M;;  0°M, L) x (1 %w t o*w N d*w b 3¢, N 2%, @
dx? dx;0x,  0x2 = A-ur) x(h 50 2(6t26x12 atZaxg) 3(8x16t2 szatz))
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ONs1  ONezn v vy x (—fa o 99 5
axl + axz NTCl (1 HV ) ( 13 6t26x1 +14 ot? ) ( )
ONsz | 0Nz, 2 3w %,

— =(1—- X (=0 ———— —Z 6
o, + %, Nrez = (1 —uV*) x (=I5 at20x, +1, 32 ) (6)
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For free vibration, we assume harmonic oscillation with respect to the time variable t as follows:
F1(X1, X, t) = @1 (x1, x5)e™"
P2(X1, X2, 1) = @p(x1, x3)e"" (7

w(xy, X))
WXy, Xq, ) = Melwt

Considering Eqgs. (4-7) and after some mathematical manipulations, the following ordinary differential equation can be

obtained:

VoW + a, VAW + a,V?W + asw = 0 8)
The final exact solutions of the displacement field are given by:

W=W,+W,+W,

@1 = CiWi1 + Wy + W3y + W, 9)

@y = CsWyp + CsWop + G W55 + CgW,
where

VW, + a?W, =0

VW, + aiW, =0

V2W5 + adW; =0 (10)
VW, + aiW, =0

By virtue of the separation of variables method, one set of solutions for Egs. (10) can be written as:
Wy = [A;sinh(u,X,) + Aycosh(uy X3)]sin(0;X1) + [Azsinh(py X,) + Agcosh(py X,)]cos(01X1) (11)
W, = [Assinh(u,X,) + Agcosh(u, X3)]sin(0,X1) + [A7sinh(uyX,) + Agcosh(u,X,)]cos(60,X7) (12)
W3 = [Agsin(uzXz) + A1ocos(uzXz)]sin(03X1) + [A11sin(usXz) + Agpcos(usX;)]cos(03X1) (13)
W, = [Aq3sinh(pyX;) + Agqcosh(pgX5)]sin(04X1) + [A1ssinh(uaXz) + Ajgcosh(ugXz)]cos(64X1) (14)

4. Comparison studies

To confirm the reliability and the high accuracy comparison studies are conducted for the frequency ratios (ratios of
nano-plate frequency to plate frequency) of square plates (b/a = 1) presented in table (1). Plate was fully simply supported
with thickness to length ratios (h/a = 0.1) and non-local parameter (2 = u/a® = 0,0.2,0.4, 0.6).

Table 1. Comparison study of frequency ratios

N,m &= 0 0.2 0.4 0.6
Present 1 0.7475 0.4903 0.3512
11 Ref[23] 1 0. 7477 0.4904 0.3512
Ref[26] 1 0. 7475 0.4904 0.3512
Present 1 0.5798 0.3352 0.2308
1,2 Ref[23] 1 0.5801 0.3353 0.2309
Ref[26] 1 0.5799 0.3353 0.2308
Present 1 0.5798 0.3352 0.2308
2,1 Ref[23] 1 0.5801 0.3353 0.2309
Ref[26] 1 0.5799 0.3353 0.2308
Present 1 0.4903 0.2708 0.1843
2,2 Ref[23] 1 0.4906 0.2708 0. 1844
Ref[26] 1 0.4904 0.2708 0. 1844

Good agreement is achieved.

5. Results and Discussion

By using the exact closed-form characteristic equations given in the previous section, computed frequency ratios of free
vibrations of Lévy-type rectangular plates with different combinations of boundary conditions present in table (2). Results are
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given for various values of non-local parameter and two different aspect ratios. For all calculations here, thickness to length
ratios (h/a = 0.1) and Poisson’s ratio has been taken as 0.3.

Table 2. Frequency ratios of free vibrations

BC b/a §2=0 0.2 0.4 0.6
SSSC 1 1 0.7475 0.4783 0.3411
2 1 0.8158 0.5762 0.4252
SCSC 1 1 0.7315 0.4717 0.3356
2 1 0.8139 0.5734 0.4227
1 1 0.8551 0.6334 0.4775
SSSF
2 1 0.8540 0.6320 0.4764
SFSC 1 1 0.8563 0.6372 0.4822
2 1 0.8530 0.6311 0.4822
SFSF 1 1 0.8612 0.6493 0.4974
2 1 0.8510 0.6377 0.4792

6. Conclusions

Following results can be made from present work:

a) Natural frequencies are considerably reduced by increasing the non-local parameters from 0 to 0.6, because the plate
stiffness is more than nano-plate.

b) The lowest and highest values of natural frequency correspond to SFSF and SCSC rectangular plates, respectively.
This is due to the fact that higher constraints at the edges increase the flexural rigidity of the plate, leading to a higher
frequency response.

c) Affect of non-local parameter on natural frequency of plate with conditions that happened the highest natural
frequency (aspect ratios, boundary conditions and non-local parameter) is more than the other plate conditions.
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