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Carbon nanotube, Nowadays, micro/nano materials are widely used in various engineering applications such as
Out of plane vibration, nanoelectro- mechanical systems, opto-electronics, nuclear engineering, aerospace engineering,
Stress and strain gradient energy storage, civil engineering and etc. recently, different non-classical theories such as the
theories, couple stress, the nonlocal elasticity and the strain gradient elasticity theories have been developed
Love and Rayleigh frequencies, to consider the size dependency behavior of the structures in small-scales. In this paper, out of
Donnell's thin shell theory. plane vibration analysis of single-walled carbon nanotubes were studied using stress gradient

theory, strain gradient theory and the classical theory of elasticity based on the assumptions of the
Donnell's thin shell theory. To determining the free vibration parameters of the carbon nanotube,
the kinetic and strain (potential) energies were obtained and will be maximized then using
Rayleigh's method the natural frequency was obtained. Natural frequency of the Rayleigh and
Love modes of out of plane vibration of the single wall carbon nanotubes out are estimated using
stress gradient theory, strain gradient theory and the classical theory of elasticity based on the
assumptions of the Donnell's thin shell theory. In order to verify the accuracy and reliability of the
present study, the results were obtained in this study were compared and validated with available
data in the literature. Using numerical data provided, effect of different parameters including
length, thickness and radius of the single-walled carbon nanotubes on the natural frequency of the
Rayleigh and Love modes are examined and discussed in detail.

Extended Abstract

1. Introduction

relationships. The first relationship presented by Eringen. The relationship proposed by Eringen is called the stress
gradient theory [1] and the theory of nonlocal elasticity [2]. Another relation proposed by Mindlin and Ashle is
known as the strain gradient model [3-6]. Levy et al. [14] used Low's shell theory to study the free vibration of cylindrical
shells with simple supports. Pradhan et al. [15] also investigated the free vibration of shells with different boundary conditions.

F I 1 he most well-known non-classical theories used to study the deformation of carbon nanotubes have two distinct

2. Mathematical Formulation

We consider cylindrical single-walled carbon nanotubes to be of average length L, thickness, h and radius R as shown in
Figure 1. For this single-walled carbon nanotube, the material displacements located on the center plate of the cylindrical shell
in the axial, lateral, and radial directions are considered with, and, respectively.

w
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Figure 1. Carbon-nanotube, coordinates and geometrical dimensions
According to Donnell's thin-shell theory [19], the relationships between strain and displacement are as: follows:
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To satisfying the conditions of out of plane vibrations the displacements of the material points of the cylindrical shell in
the axial, lateral and radial directions are assumed as follows:

p— R 1
u=- Zanm(nB) )
n=2
V= ) (Apcos(nf) + B,xsin(nf)) ®
w=— n(A,sin(n@) + B,xcos(nh)) )

Now, by equating the maximum kinetic energy with the maximum strain energy of the rail mode frequency, the following
equation is obtained:

EhZ 6
wE = n (10)
12pR*(1 —v2)(1 + n?)

Contrary to Rayleigh vibration mode, in the Love vibration mode, the axis line of cylinder does not remain parallel to the
x axis of the cylinder and rotated like a rigid line. The Love’s frequency mode according to its hypotheses is calculated as
follows:

6(1 — v)R?

2,6
. Eh*n®(1 + 212 ) .
0 = o (11)
12pR*(1 = v?)((1 +1?) + 275)
3. Calculation of frequencies using strain gradient theory
For Love and Rayleigh frequencies such as classical states and stress gradients, we can write:
_ 2,6
wf = wiyp(1 F Pn?)( (12)

12(1 + nZ)RZ)
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4. Discussion and Results
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Figure 4. Rayleigh’s frequency changes with radius changes in classical theory

As can be seen from Figure 2, the frequency for a positive sign strain gradient does not increase uniformly with increasing
n. But after reaching a maximum value, its value is reduced, which is due to the presence of the expression in the frequency
formula of this theory. Figure 3 shows the frequency chart according to Love’s theory. As it turns out, the Love’s frequency
behavior is similar to the Rayleigh’s frequency treatment. But with this difference, Love’s frequency depends on the length of
the cylinder, while Rayleigh’s frequencies are independent of the length of the cylinder. The Love’s frequencies obtained from
the classical theory for all values of n are greater than the frequencies obtained from the stress gradient theory and the strain
gradient theory with a positive sign. Figure 3 shows the variations of Rayleigh’s frequency with respect to the radius of cylinder
in classical theory. As shown in this figure, with increasing the radius of the cylinder, the Figure 3 shows the variations of
Rayleigh’s frequency with respect to the radius of cylinder in classical theory. As shown in this figure, with increasing the
radius of the cylinder, the Rayleigh’s frequency decreases, which is due to the reduction of the stiffness of the cylinder and
increase its displacement, which in turn absorbs less energy for vibration.

5. Conclusions

In this paper, the Love and Rayleigh frequencies for out of plane vibrations of single-walled carbon nanotubes are obtained
using two, non-local and classical theories based on the assumptions of the Donnell’s thin-shell theory. It is shown that the
results for the Love and Rayleigh frequencies in each theory differ from the other only by one coefficient. For example, in the
classical theory, this coefficient is equal to one; in the stress gradient theory by 1/(1 + @n?) in the strain gradient theory
by 1/(1 — ®n?). The graph of Rayleigh and Love frequencies in strain gradient theory did not increase due to its coefficient
of increase, but decreased after reaching a maximum value. As can be seen from the relations, these two frequencies increase
with increasing thickness and decrease with increasing cylinder radius. It was also found that the Rayleigh frequency was not
related to the length of the cylinder, but the Love frequency was related to the length of the pipe.
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