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Energy harvesting, In the current paper, the piezoelectric energy harvesting of inhomogeneous beams based on
Functionally graded, modified beam models is studied. Different classical boundary conditions, which are combination
Modified theories, of free, simply and clamped, are contemplated for the structure. The beam mechanical properties
Piezoelectric. are assumed to vary based on the power law along the thickness direction in which volume

fractions of the ceramic and metal part can be adjusted using FG parameter. Here, various beam
theories such as Euler-Bernoulli, exponential, trigonometric, hyperbolic and fifth-order are
modelled using a unified formulation. These beam theories are capable of catching rotary inertia
effects and transverse shear deformations. The vibrational performance of the beam is affected by
the harmonic vibrations of the base. Additionally, two different types of damping including
structural damping and viscous damping are modelled in the current formulation. Transverse
deflection of the beam is obtained using modal expansion and then electrical power, current and
voltage outputs are calculated. Ultimately, in the discussion section, the impacts of different
parameters on the vibration and energy harvesting of the beam are analyzed.

Extended Abstract

1. Introduction

energy required by sensors, is inevitable. In this method, using the electromechanical coupling property of the

piezoelectric element, energy from ambient vibrations can be absorbed and stored [1-5]. Because battery life is
limited and the cost of replacing and repairing worn-out batteries is problematic, using vibration energy, especially in
wireless sensors, can reduce wasted energy to some extent. There are various methods for extracting vibrational energy such
as electromagnetic and electrostatic that the use of piezoelectric patches due to high power density has been considered by
many researchers [6-10], [30,31].

Functionally graded materials are a subset of smart materials in which mechanical properties such as density, Poisson's
ratio, and Young's modulus change continuously from one surface to another. These materials usually are made of metal and
ceramic. In fact, the high mechanical strength of metal and the high thermal resistance of ceramics have led to the use of
these materials in chemical tanks and the aerospace industry.

The present paper investigates the harvested energy from a functionally graded beam with a piezoelectric layer by
analytical method. First, using Hamilton method, the governing equations of the structure are obtained by considering the
electromechanical coupling of the piezoelectric layer, and then by using the residual weight method, the equations are
discretized and then effects of various parameters on voltage, current and output power are investigated.

D ue to the urgent need to generate electrical energy, the use of piezoelectric materials, especially to supply the
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2. Mathematical Formulation

Fig. 1 shows a two-layer beam with length L and total thickness h and cross section A. The lower layer of this structure is
functionally graded and its mechanical properties are a combination of ceramic and metal, so that the lowest surface, i.e., z =
-h 12 is pure metal and the second surface is pure ceramic. The top layer of the beam that covers the entire surface is made of
piezoelectric material. Different boundary conditions are considered for the problem. The whole structure is affected by
external excitation from the base W, which is harmonic.
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Figure 1. Geometry of the functionally graded harvester

The displacement field of the present model can be expressed as Eq. (2) as follows

ow(x,t)
S+ (@D .
w(x,z,t) = w(x,t) ©
where i(x,z,t) and Ww(x,z,t) are the displacement of an arbitrary point in the directions of X, z, respectively. u(x,t) and
w(x,t) are also the mid-plane displacement. Moreover, {(x,t) represents the rotation of the beam and z, denotes the neutral
axis of the beam. According to the introduced displacement field, the strain field ;; and the stress field o;;can be calculated
as follows

i(x,z,t) = ulx,t) — (z — zp)

a(x, *w(x, du(x,
Err = f(2) D (7 — ) TI0)  JuD)
1 0f(2)
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where d3, is the piezoelectric constant and n is the Kelvin-Voigt dumping constant. The superscript k = s, p represents
the substructure and piezoelectric layer, respectively.
In order to obtain the governing equations, we must first calculate the strain energies U, the kinetic energy T, and the work
done by external forces W as follows

U =3((C%1 fo @0 Penx + 205, De)a¥®) = ([ D,E,av®)), (0 = p,5)

1 b ((0T\% | (w2 i ;
T = E(Z?:l Lo p® ((E) + (E) )dv(l))’ =ps) )
Ve[
=7, MG e W

in which v® and p® represent the volume and density of the i-th layer, respectively.D, is the electrical displacement in
the z direction, ¢, denotes the viscous dumping. By substituting the strain and Kinetic energies of the structure in Hamilton's
principle, the differential equations of motion are obtained.

3. Results and Discussion

In order to validate the method, the frequency parameters of the first four modes of a beam have been compared with
previous articles in Table 1. It can be seen that the proposed model and formulation has acceptable accuracy in calculating
natural frequencies. In other comparison study, the first three resonant frequencies of a beam integrated with piezoelectric
layer are listed in Table 2. As seen in this validation also, there is an excellent agreement between our formulation and
published paper [1]. The reason for the small difference in the calculation of natural frequencies using different models is due
to the difference in the expansion of the transverse shear stress in the direction of the beam thickness.
To better describe the results, following parameters are defined

_ v
= _waoeiwt
I = i(t)
[T w2y eit 4)
P(t)

Pr=———e
f (—w2Y,eiwt)2
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Table 1. Comparison of the first four frequencies of a beam Table 2. The first three resonant frequencies of a beam with
with previous work [30] piezoelectric layer
o, 9.8435 w,(Hz) 47.806
ESDT o, 39.066 ESDT w,(Hz) 299.482
05 86.791 w3(Hz) 838.097
Dy 151.683 w,(Hz) 47.806
o, 9.8437 TSDT w,(Hz) 299.480
o, 39.070 w5(Hz) 838.084
TsbT D5 86.807 w,(Hz) 47.805
Dy 151.733 HSDT w,(Hz) 299.478
o, 9.8440 w3(Hz) 838.072
HSDT o, 39.074 w,(Hz) 47.806
D5 86.829 FOSDT w,(Hz) 299.483
oA 151.798 w3(Hz) 838.099
o, 9.8434 w,(Hz) 47.800
o, 39.066 [31] w,(Hz) 299.60
FOSDT @ 86.789 w,(Hz) 838.20
Oy 151.682
o, 9.8696
0, 39.4784
(301 s 88.8264
Oy 157.9136

Fig. 2 shows the frequency response of the electric power of a functionally graded beam with a piezoelectric layer for
different electrical resistances. Unlike voltage and current diagrams, which behave monotonically with respect to electrical
resistance, the output power behavior is more complex. Depending on the excitation frequency, increasing electrical
resistance sometimes decreases and sometimes increases power. The reason for this behavior is that the electric power is
equal to the product of the voltage multiplied by the electric current. In fact when load resistance increase, electric voltage
increases while the electric current decreases.
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Figure 2. Frequency response of output power for different Figure 3. Frequency response of output power for different
values of load resistance values of mode number

Fig. 3 shows the effect of load resistance on the output power for the first three modes of a functionally graded beam. As
expected, increasing the load resistance has an increasing and decreasing effect on the voltage and current, respectively.
However, the rate of these changes is such that as the load resistance gradually increases, its effect on the output voltage
decreases, meaning that its increase has approximately no effect on the output voltage at very high resistances. Additionally,
it is observed that regardless of the mode number, the power first increases and then decreases when the load resistance rises.
Therefore an optimal resistance can be obtained, where the output power is maximum.

4. Conclusions

In the present paper, the modeling of a functionally graded harvester with a piezoelectric layer is performed analytically.
Firstly, the differential governing equations of the structure are obtained using Hamilton's principle based on modified shear
deformation theories, and then modal expansion method is utilized to solve them. The mechanical properties of the host layer
continuously change in the thickness direction. Two types of structural and viscous dumping are modeled for the harvester.
After validating the model with valid references, the effects of various parameters on the electric voltage, current and output
power are discussed in detail.
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